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and is reflected up and down in r-direction (the transverse direction)

justified by the imposed cylindrical symmetry. . . . . . . . . . . . . . 132

6.9 The snapshots of the helium number density profile surrounding an

electron bubble at a sequence of times under 5 bar pressure. The

electron is excited from the 1S ground state to the 1P excited state at

time zero. Each image corresponds to a physical size of 100 Å × 100 Å
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Chapter 1

Introduction

This dissertation is a systematic review of the research work that I have performed

or participated in during my graduate studies in the low-temperature physics group at

Brown University. Our group primarily focuses on using acoustic and optical methods

to study the properties of electron bubbles and quantized vortices in superfluid 4He.

In addition, we also carry out some numerical simulations aiming at answering some

fundamental questions in this interesting system. The organization of this dissertation

is as follows.

In Chapter 1, we review the essential background knowledge in liquid 4He, electron

bubbles, and quantized vortices. In Chapter 2, we describe our constructed cryogenic

system, which has various electric and optical access and is continuously cooled by

He-4 and He-3 refrigerators down to at least 1 K. In Chapter 3, we give a detailed

elaboration on piezoelectric transducers because of their particular importance to our

experiments. We introduce the general linear piezoelectricity theory and show our

experimental characterizations and calculations to PMN-xPT and PZT materials.

In Chapter 4, we report our experiment on tracing single-electron bubble motion.

Specifically, we used a strong enough planar transducer to expand electron bubbles
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to micron size in a large volume of the cell and trace their motion with a strong light

source and a sensitive camera. A theoretical analysis on the origin of the electrons

in helium due to cosmic rays is presented and some striking pictures showing bubble-

vortex interactions are given. In Chapter 5, we report our experiments on imaging

micron-sized particle motion. We discuss the drag forces and the acoustic radiation

forces in liquid helium and their actions on small particles. We show our observations

of some particles very likely to be trapped and moving on quantized vortices, and some

other objects exhibiting rather strange motions. In Chapter 6, we introduce our time-

dependent density functional simulation on single-electron bubbles. We display in the

picosecond timescale how a fast-moving electron bubble experiences vortex nucleation

and phonon radiation, and how an optically excited electron bubble undergoes shape

distortion and fission at different pressures. In Chapter 7, we introduce our finite-

element simulation on multi-electron bubbles, which are unique but fairly classical

objects in liquid helium. We find that they are unstable at rest but may be stabilized

by the Bernoulli pressure from the liquid if they are moving.

1.1 Liquid Helium-4

4He was first liquefied by Kamerlingh-Onnes in 1908. Since then, liquid 4He has

served as the most important cryogen for the whole field of low temperature physics.

Even more noticeably, the countless experimental and theoretical studies on liquid

4He itself initiated and accompanied the development of modern condensed matter

physics. A lot of fundamental concepts, such as superfluidity, elementary excitations,

quantized vortices, emerged from the early research to liquid 4He (and its twin liquid

3He and superconductors).

The most apparent peculiarities of liquid 4He distinguished from ordinary liquids

are:
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1. Approaching zero temperature, liquid 4He remains to be liquid under its

vanishing saturated vapor pressure (SVP). Only if being pressurized by at least

25.3 bar, the liquid phase transforms into a solid phase.

2. There exist two distinct liquid phases (He-I and He-II ) separated by a λ-line

signifying the Bose-Einstein condensation (BEC). While liquid He-I behaves like

an ordinary liquid, liquid He-II contains a portion that exhibits superfluidity.

This portion approaches unity as temperature approaches zero.

Figure 1.1 shows the well-known T -p (temperature-pressure) phase diagram of 4He

[1]. The liquid-gas critical point locates at T = 5.2K and p = 2.2 bar. The liquid-gas

coexistence line, namely, the boiling line, extends from the critical point down to the

zero point T = 0 K and p = 0 bar. The normal boiling point on this line at p = 1 atm

is at T = 4.2K. The λ-line spans between the boiling line and the melting line. Its

point of intersection with the boiling line is at T = 2.17K and p = 0.05 bar (SVP),

called the λ-point.
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5.2

Figure 1.1: The phase diagram of 4He.

From the microscopic perspective, liquid 4He can be treated as a collection of
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spinless bosons, whose predominant two-body interaction potential looks like the

classical Lennard-Jones potential, which is repulsive at short distance and attractive

at long distance due to the van der Waals force. By comparing with other chemical

elements in nature, we may intuitively understand the uniqueness of 4He from its

ground-state energetics, as shown in Fig. 1.2 [2]:

1. The very light atomic mass of 4He makes the zero-point motion extraordinarily

active and so leads to a very high kinetic energy.

2. The extremely stable atomic structure of 4He makes the interatomic force very

weak and so gives only a shallow potential minimum.

The combined result is that the total energy minimum, which surely appears for

other condensed elements at low temperatures, is almost smeared out for 4He.

Consequently, 4He atoms cannot be localized at a fixed particle distance to form

periodic crystal structures unless a huge pressure is applied. They prefer to be

delocalized and explicitly display effects due to Bose statistics, which result in a

variety of quantum liquid phenomena [3].
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Figure 1.2: Schematics of the ground-state kinetic, potential, and total energies per

particle versus the atomic volume for a static and uniform liquid 4He at zero temperature.
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As liquid 4He undergoes the transition from the He-I phase to the He-II phase,

Bose-Einstein condensation occurs, giving a macroscopic accumulation of particles in

the same single-particle state [4; 5]. Different from an ideal or dilute Bose gase, even

at zero temperature the condensate fraction of 4He is less than 10%, since most atoms

are forced out of the zero-momentum state because of particle-particle interactions

[2–5]. Superfluid 4He has a peculiar excitation spectrum ω(k) [1; 2]. As can be seen in

Fig. 1.3, it contains three characteristic sections: the long-wavelength phonon section

(0 . k . 0.6 Å−1), the moderate-wavelength maxon section (0.6 . k . 1.6 Å−1),

and the short-wavelength roton section (1.6 . k . 2.2 Å−1). The excitations with

energies higher than 10K (maxons and k > 2.2 Å−1) are only weakly excited at He-II

temperatures. The phonon velocity as k → 0 is c = 238 m s−1. The roton-minimum

wavevector krot = 1.92 Å−1, and the roton-gap energy ~ωrot ≡ ∆rot = 8.7K [6].

Increasing the pressure increases the sound velocity and lowers the roton gap [7; 8].

If we start with superfluid at rest at zero temperature, we can create elementary

excitations either by heating the liquid or by moving an object through the liquid

at a velocity above a critical value. Such a critical velocity, prohibiting developing

excitations at lower velocities, means that an object can move through the liquid

without dissipating energy. Landau’s original idea was that the critical velocity was

determined by the onset of roton emission which occurs at the the so-called Landau

velocity vL, shown in Fig. 1.3 [1–3]. At zero pressure, vL ≈ 58m s−1. However, it was

later found that vortex nucleation, a topological excitation as opposed to a density

excitation in superfluid 4He, results in a much lower critical velocity than vL whenever

pressure is below 10 bar [9; 10].

At finite temperatures, liquid He-II exhibits two-fluid hydrodynamics. The liquid

acts as though it consists of a superfluid component with velocity vs and density ρs,

and a normal fluid component (mostly phonons below 1K and rotons above 1 K) with

velocity vn and density ρn [1–3]. The total density ρ and the total current density J
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Figure 1.3: Excitation spectrum of superfluid 4He at zero pressure.

are combinations of the two components,

ρ = ρs + ρn, (1.1)

J = ρsvs + ρnvn. (1.2)

Figure 1.4 shows the density ratios ρs/ρ and ρn/ρ versus temperature under the

saturated vapor pressure [11]. If the temperature is below 1K, the liquid is almost

fully superfluid.
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Figure 1.4: The ratios of superfluid density ρs and normal fluid density ρn to the total

density ρ of liquid 4He versus temperature along the liquid-gas coexistence line.
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The most important features of two-fluid hydrodynamics are [12; 13]:

1. Entropy is carried only by the normal fluid component; the superfluid

component has no entropy.

2. At least for small velocities, the two components can move freely through each

other.

3. The normal fluid component is accelerated as a result of a temperature gradient;

the superfluid component is accelerated as a result of a gradient in the chemical

potential.

4. The normal fluid component has a viscosity; the superfluid component has no

viscosity.

As a result of these properties, there are two types of sound which can propagate

in the liquid. The first-sound mode involves only density (and pressure) oscillations

at nearly constant entropy, while the second-sound mode involves only entropy

(and temperature) oscillations at nearly constant density [12; 13]. For first-sound,

superflow and normal flow oscillate in phase (vs = vn); for second-sound, the two

flows oscillate out of phase (ρsvs = −ρnvn). For example, at around 1.5K, the first-

sound velocity c1 ≈ 23600 cm s−1 and the second-sound velocity c2 ≈ 2000 cm s−1

[1; 11].

1.2 Electron Bubbles

Since the innermost orbital of a helium atom has already been occupied by two

electrons with opposite spins, the Pauli exclusion principle does not allow an extra

electron to closely approach the nucleus [14; 15]. This gives rise to an effective hard-

core repulsion in the short range between a helium atom and an excess electron.
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At zero temperature and zero pressure, the particle density in bulk liquid 4He is

0.02184 Å−3, and an electron entering the liquid has to overcome a 1 eV potential

barrier. If an electron does enter into the liquid, it can push away the surrounding

helium atoms and open up a cavity that confines its own wavefunction, which is called

an electron bubble, as illustrated in Fig. 1.5. This bubble has a radius about 19 Å at

zero temperature and zero pressure.

1 eV Potential Barrier

e-

Bulk Liquid Helium

Electron Bubble
Free Electron

e-

Figure 1.5: Illustration of the formation of a ground-state electron bubble in liquid

helium. The electron wavefunctions here are only schematic.

An electron bubble is an ideal textbook example of a quantum particle confined

in a spherical well. However, there are some special features of electron bubbles that

one needs to keep in mind:

1. The location of the bubble wall is not prescribed, but determined by the balance

of the quantum pressure of electron wavefunction and the bulk and surface

pressures of liquid helium.

2. The change of helium density at the wall is not really sharp. It gradually

increases from zero to its bulk value in an about 7 Å surface layer [6; 16]. In

this region, the electron wavefunction can have an about 3 Å overlap with the

helium density [17–19].

3. The bubble shape may undergo surface fluctuations (zero-point or thermal), or

experience severe distortion if the electron is moving rapidly through the liquid
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or optically excited into higher eigenstates [17–23].

4. All the discussions given so far ignore helium vapor. But as temperature goes

above the λ-point, a certain density of vapor (perhaps smaller than the phase

equilibrium value) may exist within the bubble.

Although a well-constructed density functional formalism can give more accurate

description to the structure of electron bubbles [18; 19], to catch the main physics we

may base our analysis on a greatly simplified rigid-wall model. This model assumes

an infinite (instead of 1 eV) potential barrier for the electron, and a sharp change

of helium density at the interface [23; 24]. It has been proven to be a sufficiently

accurate model for most of our problems. With this model, the total energy cost to

create an electron bubble in an originally uniform liquid helium can be written as

Eb = Ee + σSb + pVb, (1.3)

where Ee is the quantum kinetic energy of the confined electron, σ is the helium

surface tension, Sb is the bubble surface area, p is the helium pressure in bulk, Vb

is the bubble volume \. For a spherical bubble of radius R with the electron in the

ground state,

Eb(R) =
~2π2

2meR2
+ 4πσR2 +

4π

3
pR3. (1.4)

At zero temperature, the surface tension σ ≈ 0.375 erg cm−2. We may plot how the

total energy changes with the radius under different pressures (Fig. 1.6). At zero

and positive pressures, there is clearly an energy minimum on each curve, which

corresponds to the equilibrium bubble radius Rb. For example, at zero pressure,

Rb =

(
π~2

8meσ

) 1
4

, (p = 0), (1.5)

which is about 19 Å.

\Note that σ changes with temperature and pressure, but usually we ignore its pressure-

dependence as long as the applied pressure is not overly large. Also, p may be smaller than the

bulk value at high temperatures in the event that some helium vapor enters into the bubble.
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Figure 1.6: Energy of an electron bubble versus radius at zero temperature for several

different pressures.

Under negative pressures \, the bubble expands. As shown in Fig. 1.6, if the

pressure reaches about −2 bar, the bubble can no longer find an equilibrium radius

and so is unstable against isotropic expansion [15; 24; 25]. From Eq. 1.4, the critical

negative pressure pc can be derived as

pc = −16

5

( me

10π~2

) 1
4
σ

5
4 , (1.6)

which is completely determined by the surface tension in this simple model. Figure 1.7

gives the temperature-dependence of the electron bubble explosion line on the phase

diagram of 4He extended into the negative pressure regime [26]. This diagram includes

a spinodal line corresponding to vanishing sound velocity, where homogeneous

nucleation of bubbles can occur. The electron bubble explosion line begins at about

−2 bar at zero temperature and bends upwards with increasing temperature because

of the reduced surface tension and possible leakage of helium vapor into the bubble

at high temperatures.

\Unlike a gas, a liquid is held together by its cohesive forces, so it can sustain negative pressures

like a solid for short periods of time.
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Figure 1.7: Electron bubble explosion line on the phase diagram of 4He extended into
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Although the electron inside a spherical bubble naturally stays on the 1S ground

state in the absence of external disturbance, we can optically excite it onto higher

eigenstates such as 1P and 2P states by choosing appropriate light wavelengths

[27; 28]. The notations 1S, 1P, 2P are quantum indices borrowed from the textbook

problem of a quantum particle confined in a spherical well. According to the

Franck-Condon principle [29], during an extremely fast optical transition (∼ 1 fs),

the spherical shape of the bubble is retained, as the liquid needs a much longer

time (∼ 1 ps) to respond to the change of the electronic states. Fowler and Dexter

calculated the eigenstates as a function of radius, assuming a sharp 1.02 eV potential

barrier at 1.3 K (σ = 0.36 erg cm−2) [27]. They obtained the transition energies and

the absorption cross-sections of electric dipole transitions from the 1S ground state to

the three bound 1P, 2P and 3P excited states, as well as the unbound continuum, as

listed in Tab. 1.1 for zero pressure. The strongest absorption is obviously 1S → 1P,

corresponding to 0.11 eV transition energy, or 11µm infrared wavelength. A positive

pressure can reduce the bubble radius and increase the transition energy whereas a

negative pressure can enlarge the bubble radius and decrease the transition energy.
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Grimes and Adams measured the transition energy and the line shape of 1S → 1P

transition under positive pressures from 0 to 25 bar [30]. The observed broadening of

line shape is best explained by the zero-point and thermal fluctuations of the bubble

surface [21; 22].

Table 1.1: Absorption characteristics for a spherical electron bubble at zero pressure and

1.3K by Fowler and Dexter [27].

Transition Type Energy (eV) Total Cross-section (eV cm2)

1S → 1P 0.11 1.0× 10−16

1S → 2P 0.49 2.6× 10−18

1S → 3P 0.96 < 5.1× 10−19

(in continuum) (in continuum)

1S → Continuum 0.92 < 5.1× 10−19

1.3 Quantized Vortices

The hydrodynamics of a nonuniform superfluid can be described by a macroscopic

wavefunction [2; 3; 6]

ψ(r, t) = A(r, t) exp [iΦ(r, t)] , (1.7)

where A(r, t) and Φ(r, t) are the amplitude and the phase functions, respectively.

The local superfluid density ρs(r, t) and superfluid velocity vs(r, t) are given by

ρs(r, t) = mA(r, t)2, vs(r, t) =
~
m
∇Φ(r, t). (1.8)

In order for the wave function to be single-valued, the phase function has to change

by 2π × n (n ∈ integer) over a closed loop in the liquid. Therefore, the circulation

must be quantized by [31]

Γ =

∮
dr · vs =

~
m

∮
dr · ∇Φ = n

h

m
≡ nκ, (1.9)
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in which κ = h/m = 9.964×10−4 cm2 s−1 is the quantum of circulation. The vorticity

ω = ∇× vs is also quantized and singularly distributed in space. In practice, we are

concerned with the vortices of one unit (|n| = 1) of κ, which are known to be the

only stable vortices [31].

For a straight vortex line along z-axis, the macroscopic wavefunction is

ψ(r, ϕ) =

√
ρs(r)

m
exp [iϕ] , (1.10)

where r is the radial distance and ϕ is the azimuthal angle in cylindrical coordinate.

The superfluid density behaves approximately like

ρs(r) ≈ r2

r2 + a2
ρs, (1.11)

where ρs is the value in bulk, a is a typical healing length (or core size) [31]. The

superfluid velocity is

vs(r) =
~

mr
eϕ, (1.12)

in which eϕ denotes the azimuthal direction. Figure 1.8 gives the density and velocity

profiles corresponding to Eqs. 1.11 and 1.12 \. The energy of a straight vortex line per

unit length is [31]
Eline

L
=

κ2

4π
ρs

(
ln

Λ

a
+ δ

)
. (1.13)

At zero temperature ρs = 0.145 g cm−1, the core size a ≈ 1 Å, the core energy

parameter δ ≈ 0.378 under zero pressure, Λ is a radial cutoff distance ]. If we choose

Λ ∼ 20 Å, for example, we shall find Eline/L = 2.8K Å−1.

A quantized vortex in the liquid, if does not have two open ends that are pinned

on the surface of the liquid or any objects [33–35], must form a self-closed vortex ring.

\More sophisticated nonlocal density functional calculation shows a density maximum and

several ripples inside the vortex core [32].

]For a single straight vortex line in an infinite space, this cutoff distance is infinite. In practice,

the presence of other vortices and a container will provide a finite cutoff distance.
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Figure 1.8: Density and velocity profiles of a straight vortex line corresponding to

Eqs. 1.11 and 1.12.

The energy of a vortex ring of the radius Rring is [31; 36]

Ering =
κ2

4π
ρs (2πRring)

(
ln

8Rring

a
− 2 + δ

)
. (1.14)

The ring can stably travel by its own induced velocity along the direction e⊥

perpendicular to the ring plane,

vring =
κ

4πRring

(
ln

8Rring

a
− 1 + δ

)
e⊥. (1.15)

It is interesting to note that the larger the ring size, the higher the energy, and the

slower the velocity. This unique character was used by Rayfield and Reif as evidence

of observing nucleation and trapping of quantized vortex rings on drifting ions under

an electric field [37].

If an electron bubble reaches a close distance d from a vortex core, it can be

trapped onto the vortex as a result of the Bernoulli pressure \ [38; 39]. One way

to estimate the effective trapping potential Utrap(d) is to assume that it equals the

kinetic energy of the liquid that the bubble with a volume Vb displaces,

Utrap(d) ≈ −
∫

Vb

1

2
ρs(r)v

2
s (r) dV. (1.16)

\We only consider the quasistatic process here. Otherwise, if the bubble is moving at a high

speed passing by the vortex, the capture cross-section may be significantly reduced.
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The depth of the effective trapping potential at d = 0 is called the binding energy

Ebind. For a spherical bubble of a radius Rb, it can be calculated from Eqs. 1.11 and

1.12 [38; 39],

Ebind = −Utrap(0) = 2πρs

(
~
m

)2

Rb

{
1−

√
1 +

a2

R2
b

sinh−1

(
Rb

a

)}
. (1.17)

If the radius Rb ∼ 20 Å, then Ebind ∼ 90K at zero temperature, which is quite large

against thermal fluctuations. A result close to this value is also obtained from a

more sophisticated density functional calculation [40], which allows for the bubble to

deform into a prolate spheroid to further minimize the vortex-bubble total energy. If

an electric field is applied perpendicular to the vortex, then the effective potential

will be biased. A field in the order of 10 kV cm−1 will lower the escape barrier so

much that the electron on the vortex can tunnel into the bulk quantum mechanically.

Figure 1.9 gives the calculated effective potential for the zero and 8 kV cm−1 fields

using the above simple model.

There have been several experiments performed to find out the binding energy
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through trapping lifetime measurements, but they only give a result close to 50 K

[41; 42]. The reason for the discrepancy between theory and experiment is not known.
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Chapter 2

Cryogenic System

Our cryogenic system is a typical continuously circulating He-3 refrigerator system

with four-way optical access [1–3]. The base temperature can be controlled between

0.5–4.2K. The system can in principle run for several months.

The liquid dewar and vacuum chamber were produced by the commercial company

Precision Cryogenic Systems, Inc. The He-4 and He-3 pots, the experimental cell, the

gas and liquid handling, the thermometer and heater control, and the electric wiring,

etc., were all self-made and have experienced partial restoration and modification

during the past ten years.

2.1 Dewar and Chamber

The upper part of the system is the dewar that contains an outer space filled

with 77K liquid nitrogen and an inner space filled with 4.2K liquid helium. The

lower part of the system is a typical common-vacuum chamber [1; 2]. The main

cryostat is vacuum-protected inside this chamber. Two aluminum heat shields
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surrounding the cryostat attach to the liquid nitrogen and liquid helium spaces on the

top, respectively, to block the room-temperature and nitrogen-temperature thermal

radiations, respectively [3]. All shields and inner cans of the dewar are wrapped with

several layers of superinsulation. Windows on the shields and the outermost vacuum

bucket provide optical access from four directions making 90◦ angles with each other

in the horizontal plane. We use three sapphire windows on the outermost vacuum

bucket and three fused-silica windows on each of the nitrogen and helium shields.

The unused optical access (initially left for CO2 laser beam) is blocked by aluminum

plates.

Figure 2.1 is the original design sketch of the inner dewar construction by Precision

Cryogenic Systems, Inc. Figure 2.2 shows the pictures taken from the outside to the

top and body of dewar and the chamber at the bottom. As can be seen from the

sketch, the helium space is 20 L in total. During our experimental periods, a full

transfer of liquid helium can last about 60 hours. So the average boiling rate is about

0.33L per hour.

2.2 He-4 and He-3 Pots

The main cryostat has four different levels. From the top down, the first level

is the 4K plate, which is in direct thermal contact with the bottom of helium bath;

the second level is the 1K plate, which is cooled by a He-4 pot; the next level is

the 0.5K plate, which is cooled by a He-3 pot; the last level is the cell mounting

plate, which is thermally linked with the 0.5K plate but usually has a little higher

temperature due to the heat load from the cell fill-in line and optical windows. The

tubes connected with this cryostat all come down from the top of the dewar and

pass through the helium space. Multiple (gold coated) aluminium shielding plates

are clamped on these tubes to reflect away the thermal radiation from the top [3].
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Figure 2.1: Original design sketch of the inner dewar construction by Precision Cryogenic

Systems, Inc.
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Figure 2.2: Pictures of the top and body of dewar and the chamber at the bottom.

Figure 2.3 gives the pictures taken to the main cryostat and the tubing and shielding

structures inside the helium space.

For precooling the cryostat from room temperature down to nitrogen and helium

temperatures, we use a heat switch similar in design as described in Ref. [4]. After the

base temperature reaches below 6K, we shut off this heat switch. The liquid helium

in bath drips into the He-4 pot through a narrow capillary and be pumped away from

a wide exhaust pipe. Our He-4 pot has a relatively small volume capacity (∼ 5 cm3)
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Figure 2.3: Pictures of the main cryostat and the tubing and shielding structures inside

the helium space.
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and thus easily gets overfilled. We have found the best cooling power and base

temperature when the flow impedance is around 2× 1012 cm−3. This was constructed

by inserting a 7.5 inch (19 cm) long, 0.005 inch (0.13mm) diameter stainless steel wire

inside a stainless steel capillary of 0.006 inch (0.15mm) inner diameter.

The key part of the cryostat is the continuously circulating He-3 pot system. The

He-3 gas coming through a narrow tube is liquefied by the He-4 pot, which practically

runs at 1.2K due to the incoming heat load, then drips into the He-3 pot through

a narrow capillary and is pumped away by a wide exhaust pipe. This same He-3

gas is then recycled back to the front end of the He-3 pot by a dual-seal Alcatel

pump and travels through the system repeatedly. We have found the optimal He-3

flow impedance to be around 1× 1012 cm−3. This was constructed by using a shorter

version of the impedance used by the He-4 pot. Our He-3 pot has a relatively large

volume capacity (∼ 25 cm3). We must carefully control the fill-in pressure to obtain

the lowest base temperature. According to our experience, it should be about 0.7 atm,

which needs only a little amount of He-3 gas from the tank into the system. The net

cooling power of our system is about 40 mW.

2.3 Experimental Cell

The experimental cell is made of stainless steel with approximately 200 cm3 volume

capacity and three fused-silica windows on the side walls. Electric access into the

cell is achieved by homemade electric plugs with thin copper wires, G-10 fiber-glass

holders, and stycast-2850 feed-through sealing.

The cell is thermally connected to the He-3 pot by an annealed oxygen-free high

thermal conductivity (OFHC) copper assembly. Calibrated germanium thermometers

and homemade resistive heaters are mounted on the cell top and bottom flanges to
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Figure 2.4: A general look of the cell from the outside to the inside.
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monitor and control the cell temperature by a LakeShore-340 temperature controller.

The cell is filled up with a stainless steel capillary of 0.006 inch (0.15mm) inner

diameter, which is thermally anchored at the 4K stage, the 1 K stage, and the 0.5K

stage, before entering the cell [1–3].

The cell has many screw tightening flanges outside, which are sealed by indium

rings. Inside the cell, the transducers and the electron sources are installed and

arranged properly for each specific experiment. Figure 2.4 gives a general look of the

cell from the outside to the inside.
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Chapter 3

Piezoelectric Transducers

Piezoelectricity is the coupling between the elasticity and the dielectricity in

crystalline materials with broken inversion symmetry. When a mechanical stress

is applied to these materials, charges accumulate and so induce a large electric

polarization. On the other hand, when an electric field is applied, it can cause a

mechanical stress and thus a deformation of the materials. Piezoelectric transducers

have found numerous applications, among which the most important one is the

production and detection of sound. They also serve the basis of a number of

scientific instrumental techniques with atomic resolution such as STM, AFM, and

other scanning probe microscopes.

Piezoelectric transducers constitute the core components of our low-temperature

experiments on electron bubbles and quantized vortices in superfluid 4He. They

provide a convenient way to generate sound waves and to change the structures of

ions and excitations in the liquid. Below, we first give a general introduction to

the theory of linear piezoelectricity and transducers, then digress for a while into

engineering physics on the knowledge of impedance and transmission lines, which

is useful for our later discussions. We present our measurements on PMN-xPT
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transducers using a network analyzer and theoretical fits. Finally, we show some

calculations to PZT-4 transducers when some practical considerations concerning our

experimental apparatus are taken into account. Due to the amount of engineering

physics involved, we adopt the SI units in this chapter.

3.1 Linear Piezoelectricity and Transducers

The linear elasticity of a material is described by (Hooke’s law) [1; 2]

Sij = sij,klTkl, (i, j, k, l = 1, 2, 3), (3.1)

or

Tij = cij,klSkl, (i, j, k, l = 1, 2, 3), (3.2)

where Sij and Tij are components of the second-rank strain tensor S and the stress

tensor T , respectively; sij,kl and cij,kl are components of the fourth-rank compliance

tensor s and the stiffness tensor c, respectively.

The linear dielectricity of a material is described by [1; 2]

Dm = εmnEn, (m,n = 1, 2, 3), (3.3)

or

Em = βmnDn, (m,n = 1, 2, 3), (3.4)

where Dm and Em are components of the electric displacement vector D and the

electric field vector E, respectively; εmn and βmn are components of the second-rank

permittivity tensor ε and the impermittivity tensor β, respectively.

The linear piezoelectricity of a material is understood as the coupling between the

linear elasticity and the linear dielectricity through [2]

Sij = sE

ij,klTkl + dij,nEn, (3.5)
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Dm = dm,klTkl + εT

mnEn, (3.6)

where dij,n and dm,kl are components of the piezoelectric coefficient matrix d and its

transpose. The superscripts E and T denote the condition of constant electric field

and constant stress, respectively. Eqs. 3.5 and 3.6 can be linearly transformed into

three other equivalent forms,

Sij = sD

ij,klTkl + gij,nDn, (3.7)

Em = −gm,klTkl + βT

mnDn, (3.8)

and

Tij = cD

ij,klSkl − hij,nDn, (3.9)

Em = −hm,klSkl + βS

mnDn, (3.10)

and

Tij = cE

ij,klSkl − eij,nEn, (3.11)

Dm = em,klSkl + εS

mnEn, (3.12)

where gij,n, gm,kl, hij,n, hm,kl, eij,n, em,kl are components of the corresponding

piezoelectric coefficient matrices g, h, e and their transposes. The superscripts D

and S denote the condition of constant electric displacement and constant strain,

respectively.

All above quantities are symmetric with respect to the exchanges of i and j, k

and l, and m and n. For convenience, we may adopt the Voigt indices

“11” → “1”, “22” → “2”, “33” → “3”,

“23” = “32” → “4”, “31” = “13” → “5”, “12” = “21” → “6”,
(3.13)

and use p, q, r, s = 1, 2, . . . , 6 to denote them. With this simplification, we may define

spq = sij,kl, i = j, k = l; p, q = 1, 2, 3,

spq = 2sij,kl, i = j, k 6= l; p = 1, 2, 3, q = 4, 5, 6,

spq = 4sij,kl, i 6= j, k 6= l; p, q = 4, 5, 6,

(3.14)
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and

dmq = dm,kl, k = l; q = 1, 2, 3,

dmq = 2dm,kl, k 6= l; q = 4, 5, 6,
(3.15)

and

Sp = Sij, i = j; p = 1, 2, 3,

Sp = 2Sij, i 6= j; p = 4, 5, 6,
(3.16)

so that the summation rule can be applied to p, q, r, s. These relations hold for other

elastic and piezoelectric quantities too.

As long as one knows a complete set of three matrices consisting of the elastic

coefficients, the piezoelectric coefficients, and the permittivity or impermittivity, one

can derive all other coefficients by matrix operations. For example, for a material of

the 4mm (C4v) crystal class, such as poled piezoelectric ceramic tetragonal (PZT or

BaTiO3), and the 6mm (C6v) crystal class, we need only

sE =




sE
11 sE

12 sE
13 0 0 0

sE
21 sE

22 sE
23 0 0 0

sE
31 sE

32 sE
33 0 0 0

0 0 0 sE
44 0 0

0 0 0 0 sE
55 0

0 0 0 0 0 sE
66




, (3.17)

d =




0 0 0 0 d15 0

0 0 0 d24 0 0

d31 d32 d33 0 0 0


 , (3.18)

and

εT =




εT
11 0 0

0 εT
22 0

0 0 εT
33


 . (3.19)
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The symmetry can further reduce the degrees of freedom to only 10 coefficients by

noticing sE
11 = sE

22, sE
12 = sE

21, sE
23 = sE

32 = sE
31 = sE

13, sE
44 = sE

55, sE
66 = 2(sE

11 − sE
12),

d31 = d32, d24 = d15, εT
11 = εT

22. Some measured (or derived) coefficients for PZT-4

(Navy Type-I) polycrystals at room and helium temperatures are shown in Tab. 3.1

[3; 4]. The dimensionless number kt is called the thickness mode coupling constant

and is used frequently below.

Table 3.1: The material constants of PZT-4 at room temperature (RT) and 4.2 K.

Coefficient Value at RT Value at 4.2K Unit

sE
11 12.3× 10−12 9.74× 10−12 m2 N−1

sE
12 −4.05× 10−12 −3.38× 10−12 m2 N−1

sE
13 −5.31× 10−12 −2.02× 10−12 m2 N−1

sE
33 15.5× 10−12 10.1× 10−12 m2 N−1

d31 −1.23× 10−10 −0.44× 10−10 mV−1

d33 2.89× 10−10 1.00× 10−10 mV−1

e33 15.1 8.15 Cm−2

εT
33 1300ε0 390ε0 —

εS
33 663ε0 255ε0 —

kt 0.501 0.455 —

We now consider a planar transducer of very large surface area A and thickness

d. It is sandwiched between two semi-infinite slabs of loading fluid (see Fig. 3.1). The

transducer is driven by an applied AC voltage difference ∆V (t) on the two metal-

coated surfaces. All the quantities are only functions of (z, t). Only the material

properties along the z-direction (the longitudinal direction) matter in our calculation

below. The electric field in the z-direction results in a mechanical displacement in
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Figure 3.1: A planar transducer sandwiched between two semi-infinite slabs of loading

fluid.

the z-direction. In region II, we have [2; 5]

TII(z, t) = cE

33SII(z, t)− e33EII(z, t),

DII(z, t) = e33SII(z, t) + εS

33EII(z, t).
(3.20)

The strain field SII(z, t) and the electric field EII(z, t) are related to the longitudinal

mechanical displacement uII(z, t) and the electric scalar potential ϕII(z, t) at each

place z and time t via

SII(z, t) =
∂uII(z, t)

∂z
, EII(z, t) = −∂ϕII(z, t)

∂z
. (3.21)

The coupled equations of motion in the material region II are

∂TII(z, t)

∂z
= ρM

∂2uII(z, t)

∂t2
, (force balance), (3.22)

∂DII(z, t)

∂z
= 0, (no free charge in bulk), (3.23)

or more specifically,

cE

33

∂2uII(z, t)

∂z2
+ e33

∂2ϕII(z, t)

∂z2
= ρM

∂2uII(z, t)

∂t2
, (3.24)

e33
∂2uII(z, t)

∂z2
− εS

33

∂2ϕII(z, t)

∂z2
= 0, (3.25)
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where ρM is the mass density of the material.

In the fluid regions I and III,

b
∂2uI/III(z, t)

∂z2
= ρ

∂2uI/III(z, t)

∂t2
, (3.26)

ε
∂2ϕI/III(z, t)

∂z2
= 0, (3.27)

where b, ρ, and ε are the bulk modulus, the mass density, and the dielectric constant

of the fluid. Since region I and III in our model are infinitely large, the electric

potential ϕI/III is almost constant and the electric field is zero there. The mechanical

boundary conditions for these three regions are

TI

(
−d

2
, t

)
= TII

(
−d

2
, t

)
,

uI

(
−d

2
, t

)
= uII

(
−d

2
, t

)
,

(3.28)

TIII

(
+

d

2
, t

)
= TII

(
+

d

2
, t

)
,

uIII

(
+

d

2
, t

)
= uII

(
+

d

2
, t

)
.

(3.29)

The electrical boundary conditions are

+
∂

∂t
D

(
−d

2
, t

)
= +

I(t)

A
,

− ∂

∂t
D

(
+

d

2
, t

)
= −I(t)

A
,

(3.30)

which come from

− n ·D = σf , (3.31)

where I(t) is the electric current induced by the variation of free surface charge density

σf , n is the outward surface normal pointing away from the material. In accordance

with the circuit definition in Fig. 3.1, we should also have

ϕ

(
−d

2
, t

)
− ϕ

(
+

d

2
, t

)
= ∆V (t). (3.32)
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The mechanical equation in region II can be reduced to

[
1

v2
M

∂2

∂t2
− ∂2

∂z2

]
uII(z, t) = 0, (3.33)

where vM is the sound velocity in the material [2; 4],

vM =

√
bM

ρM

, (bM ≡ cE

33 +
e2
33

εS
33

= cD

33). (3.34)

The mechanical equation in region I and III is

[
1

v2

∂2

∂t2
− ∂2

∂z2

]
uI/III(z, t) = 0, (3.35)

where v is the sound velocity in the fluid,

v =

√
b

ρ
. (3.36)

The electric potential in region II must be

ϕII(z, t) = − 1

εS
33

σf(t)z +
e33

εS
33

uII(z, t). (3.37)

The mechanical solutions in the three regions are plane waves that are connected

on the boundaries [2]

uI(z, t) = BI e
−iq(z+d/2)−iωt

uIII(z, t) = AIII e
+iq(z−d/2)−iωt,

uII(z, t) = AII e
+iqM(z−d/2)−iωt + BII e

−iqM(z+d/2)−iωt,

(3.38)

where the wavenumbers in the material qM = ω/vM and in the fluid q = ω/v. We can

obtain the surface displacement in the frequency domain

uII

(
±d

2
, ω

)
=

±e33∆V (ω)/2bM

qMd

2
cot

(
qMd

2

)
− i

b

bM

(
qd

2

)
− k2

t

, (3.39)

in which [2; 4]

k2
t =

e2
33

εS
33bM

=
e2
33

εS
33c

D
33

= 1− cE
33

cD
33

. (3.40)
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The surface velocity is simply

V
(
±d

2
, ω

)
= −iωuII

(
±d

2
, ω

)
. (3.41)

The electrical impedance of this structure in the frequency domain is given by

Z(ω) =
∆V (ω)

I(ω)
=

1

−iω

(
εS
33A

d

)


1− k2

t

qMd

2
cot

(
qMd

2

)
− i

b

bM

(
qd

2

)


 . (3.42)

Obviously, if there is no piezoelectric effect kt = 0, then the planar transducer looks

just like a parallel plate capacitor with the capacitance

C‖ =
εS
33A

d
. (3.43)

If the transducer vibrates in vacuum without any loading fluid (let b = 0 in Eq. 3.42),

then the impedance minimum happens at the condition of

qMd

2
cot

(
qMd

2

)
= k2

t , (3.44)

and the impedance maximum happens when

qMd

2
cot

(
qMd

2

)
= 0, i.e.,

qMd

2
= ν

π

2
, (ν = 1, 2, 3, . . . ). (3.45)

The above two conditions fix the intrinsic resonance frequency ωr and anti-resonance

frequency ωa of the transducer, respectively. (In most cases, we only care about the

fundamental resonance ν = 1.) Once the loading fluid is incorporated, it can slightly

shift the frequencies and broaden the resonance and anti-resonance peaks leading

to a finite Q-factor. According to Eqs. 3.39 and 3.41, one can see that close to the

resonance frequency ωr,

V
(
±d

2
, ωr

)
≈ e33ωr∆V

bqd
=

e33∆V

ρvd
, (3.46)

which means e33 is the key material property that determines the maximum surface

velocity under a fixed applied voltage. According to Eq. 3.42, the electrical impedance

at resonance is

Z(ωr) ≈ 1

2k2
t

ρv

ρMvM

d2

A

1

vMεS
33

, (3.47)
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which is purely resistive.

In a more realistic model, we may also take into account the internal mechanical

damping of the transducer [5], by adding an imaginary wavenumber to the originally

real wavenumber qM → kM + iαM with kM = ω/vM. This makes the wave forward-

decaying along the propagating direction (either to the left or to the right in Eq. 3.38).

In the simplest choice, we may write

αM = ςMω2, (3.48)

where the coefficient ςM comes from the viscosity of the material. It can give a finite

mechanical Q-factor even in the absence of loading fluid.

3.2 Impedance and Transmission Lines

In electronics, people frequently speak about two different kinds of impedance.

One is called the device impedance ZD(t), which is defined as the ratio between the

applied voltage difference ∆V (t) and the current I(t) across an essentially zero-length

two-port device,

ZD(t) =
∆V (t)

I(t)
. (3.49)

The other is called the transmission (surge) impedance ZT(x, t), which is defined as

the ratio between the local voltage V (x, t) on the inner pin of a long coaxial cable \

and the local current I(x, t) flowing on the pin (see Fig. 3.2) [6; 7].

ZT(x, t) =
V (x, t)

I(x, t)
. (3.50)

Historically, the electromagnetic theory of two coaxial conductors separated by a

dielectric (or vacuum) in between has been solved by Heaviside, Tesla and others.

\The outer shield of a cable is normally taken as the zero-voltage common ground. V (x, t) is

applied locally across the dielectric filled between the inner pin and the outer shield.
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The solution contains a TEM00-mode electromagnetic wave (if the wavelength À the

cable cross-section radius) propagating through the dielectric, associated with local

AC currents flowing on the conductors \ along the line. The speed of this propagation

is just the speed of light in the dielectric.

Z0

ZS

ZLVS » V(x,t)

I(x,t)

f

Figure 3.2: Circuit diagram of a transmission line connecting from the source to the load.

The impedances of the three linear circuit elements, i.e., resistor, capacitor, and

inductor, belong to the scope of device impedance. In the frequency domain, they

are

ZR(ω) = R, (3.51)

ZC(ω) =
1

−iωC
, (3.52)

ZI(ω) = −iωL, (3.53)

where R, C, and L are resistance, capacitance, and inductance, respectively.

When the planar transducer introduced above is driven around a particular

resonance, its electrical behavior can be represented by an equivalent circuit for a

two-port device [2], as shown in Fig. 3.3. The total device impedance of this structure

is

Z(ω) =
1

−iωC‖




1− ω2LC − iωRC

1− ω2LC − iωRC +
C

C‖


 , (C‖ À C). (3.54)

\The instantaneous currents on the inner pin and the outer shield are in the opposite directions.

· 37 ·



It has the resonance (impedance minimum) and the anti-resonance (impedance

maximum) frequencies. If R = 0, the resonance frequency is determined by setting

the numerator in the bracket to zero,

ωr =
1√
LC

, (3.55)

whereas the anti-resonance frequency is determined by setting the denominator in the

bracket to zero,

ωa =
1√
LC

√
1 +

C

C‖
. (3.56)

ωa is a little higher than ωr under the condition of C‖ À C. A finite but not

overly large R (caused by the sound radiation into the loading fluid and the internal

damping) can broaden the resonance and anti-resonance peaks and slightly shift the

frequencies. In either the low frequency limit ω → 0 or the high frequency limit

ω →∞,

Z(ω) ∼ 1

−iωC‖
, (3.57)

i.e., the transducer works solely like a parallel plate capacitor (refer to Eqs. 3.42 and

3.43).

RL

C
k

C

Figure 3.3: The equivalent circuit of a planar transducer driven around a particular

resonance.

The average real (dissipative) power \ over a cycle of an AC circuit driven by

a constant voltage amplitude ∆V at a frequency ω must be calculated in the time

\For a generally complex impedance, one can define a complex power which consists of a real

dissipative part and an imaginary non-dissipative part.
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domain with real numbers:

P̄ (ω) =
ω

2π

∫ 2π/ω

0

dt
{
Re

[
∆V e−iωt

]
Re

[
I(ω) e−iωt

]}

=
(∆V )2

|Z(ω)|
ω

2π

∫ 2π/ω

0

dt {cos[ωt] cos[ωt + φ(ω)]}

=
(∆V )2

2|Z(ω)| cos[φ(ω)],

(3.58)

in which we have written the impedance into the amplitude and phase form Z(ω) =

|Z(ω)| exp[iφ(ω)]. For the transducer circuit above, φ(ω) is close to π
2

off resonance,

meaning that Z(ω) is purely imaginary and there is no energy dissipation, whereas

φ(ω) sharply jumps to 0 at resonance, meaning that Z(ω) becomes real and there

appears a dissipation peak (if R/Z◦ ¿ 1, where Z◦ ≡
√

L/C). The Q-factor of this

system is defined at resonance and can be calculated through [8]

Q = 2π × Energy Stored

Energy Dissipated Per Cycle
=

Im[Z(ωr)] +

∣∣∣∣ω
d

dω
Im[Z(ω)]

∣∣∣∣
ω=ωr

2 Re[Z(ωr)]
. (3.59)

To have a sense about how the impedance magnitude and the average power varies

with the frequency, let us first write Eqs. 3.54 and 3.58 into the dimensionless forms

Z̃(ω̃) ≡ Z(ω)

Z◦ =
1

−iω̃

(
C

C‖

)



1− ω̃2 − iω̃
R

Z◦
1− ω̃2 − iω̃

R

Z◦ +
C

C‖


 ,

(
C‖

C
À 1

)
, (3.60)

and

˜̄P (ω̃) ≡ P̄ (ω)

P◦
=

1

2|Z̃(ω̃)| cos[φ(ω̃)], (3.61)

where ω̃ ≡ ω
√

LC and P◦ ≡ (∆V )2/Z◦. Then we plot |Z̃(ω̃)| and ˜̄P (ω̃), as shown in

Fig. 3.4, by taking some typical values for R/Z◦ = 0.01 and C‖/C = 10. The Q-factor

calculated according to Eq. 3.59 is about 98, which is close to Z◦/R = 100.

The transmission impedance of a coaxial cable is more intricate. For a pair of

sinusoidal voltage wave and current wave (electrical signal) propagating along an
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Figure 3.4: Typical plots for the (dimensionless) impedance magnitude and average power

versus the (dimensionless) frequency of a transducer circuit.

infinite uniform line, this impedance is a constant and is called the characteristic

impedance Z0 of the transmission line. It depends on the lateral geometry and the

material properties. To physically characterize this line, the complete electromagnetic

theory can be simplified to the telegrapher’s equations in the frequency domain (refer

to Fig. 3.5) [6],

∂V (x)

∂x
= −(R0 − iωL0)I(x),

∂I(x)

∂x
= −(G0 − iωC0)V (x),

(3.62)

where R0 is the resistance (very small) per unit length in the conductors, L0 is the

inductance per unit length in the dielectric, C0 is the capacitance per unit length in

the dielectric, and G0 is the conductance (very small) per unit length in the dielectric.

The serially connected inductance per unit length reads

L0 =
µ

2π
ln (aout/ain) , (3.63)

and the parallel connected capacitance per unit length reads

C0 =
2πε

ln (aout/ain)
, (3.64)

· 40 ·



where µ = µrµ0 and ε = εrε0 are the permeability and the permittivity of the

dielectric, respectively; ain and aout are the inner and outer radius of the dielectric

tube, respectively.

V (x)

I (x)

V (x + dx)

I (x + dx)

R0

G0

L0

C0

Figure 3.5: An equivalent elementary circuit of a transmission line.

The solution to Eq. 3.62 is

V (x) = V +e−γx + V −eγx,

I(x) =
1

Z0

(V +e−γx − V −eγx),
(3.65)

where V + and V − are the complex amplitudes of the forward-moving and backward-

moving waves, and

γ =
√

(R0 − iωL0)(G0 − iωC0), (3.66)

and

Z0 =

√R0 − iωL0

G0 − iωC0

. (3.67)

For a lossless line, R0 = G0 = 0, γ = −iω
√L0C0, and

Z0 =

√L0

C0

=
1

2π

√
µ

ε
ln (aout/ain) =

1

2π
ZW ln (aout/ain) , (3.68)

where ZW =
√

µ/ε is the electromagnetic wave impedance in the infinite homogeneous

dielectric. The wave propagating speed along the line is

c =
1√L0C0

=
1√
µε

=
c0√
µrεr

, (3.69)

which is just the speed of light in the dielectric.
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Suppose the transmission line starts at the input end x = 0 and terminates at the

output end x = l. If we close the input end with a source of known voltage VS and

known impedance ZS, and close the output end with a load of known impedance ZL

(see Fig. 3.2), then we have the boundary conditions

VS − V (0)

I(0)
= ZS,

V (l)

I(l)
= ZL, (3.70)

i.e.,
VS − V + − V −

V + − V − =
ZS

Z0

,
V +e−γl + V −eγl

V +e−γl − V −eγl
=
ZL

Z0

, (3.71)

which can determine V + and V −. In general, we may also insert a load at any point

on the inner pin of the cable, which leads to an extra connecting condition.

There are three special cases for ZL that are particularly important [9]:

1. The open-circuit condition: ZL = ∞. Then, V +e−γl = V −eγl. The reflection

voltage is in-phase with the incoming voltage at this end and so the total voltage

is doubled.

2. The short-circuit condition: ZL = 0. Then, V +e−γl = −V −eγl. The reflection

voltage is anti-phase with the incoming voltage at this end and so the total

voltage is zero.

3. The impedance-matching condition: ZL = Z0. Then, V − = 0. There is no

reflection voltage at this end. The signal propagates as if the line continues to

infinity.

The BNC cables used in most experiments today have the standard 50Ω

characteristic impedance (ignoring the small loss). Many equipments are designed

to have 50Ω input or output impedance to suppress the impedance mismatch with

the cables and optimize the signal propagation. But these concerns only matter when

the cable length is close to or higher than the signal wavelength. In our experiments,
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we drive the transducer at around 1MHz, which corresponds to a signal wavelength

of about 200m (for a RG58A/U cable, the wave propagating speed is c ≈ 0.66c0). So

the cable length of the order of 1m can be taken as zero except that some capacitive

effects between the inner pin and the outer shield may need to be taken into account

when we analyze our circuits.

For a given planar transducer, we may use a network analyzer to measure its

device impedance varying with frequency. By locating the resonance frequency, anti-

resonance frequency, low-frequency capacitance and peak broadening (see Fig. 3.4),

we can determine its effective C‖, L, C, and R \. Then we can deduce the important

elastic, dielectric, piezoelectric, and damping coefficients from the obtained C‖, L, C,

and R (assuming that some basic properties, such as the density, are known already),

and use them to calculate the vibrational behaviors when the transducer is coupled

to a loading fluid.

A network analyzer utilizes the transmission line theory and automatically

calculates the device impedance by measuring the complex reflection coefficient Γ

or transmission coefficient Ξ of an incoming signal wave that hits the device [9]. The

device impedance can be easily extracted from

ZD =
1 + Γ

1− Γ
Z0, (3.72)

in the S11-measurement, or

ZD =
2(1− Ξ )

Ξ
Z0, (3.73)

in the S12-measurement, as illustrated in Fig. 3.6.

Below, we present our measurements with a network analyzer for lead magnesium

niobate lead titanate (PMN-xPT) single crystals. This material is known to exhibit

\Ideally, the measurement should be done in vacuum, so the dissipative R here is due to the

internal damping only.
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Figure 3.6: Circuit diagrams of the reflection (S11) and transmission (S12) measurements

of a network analyzer.

an extraordinarily large piezoelectric effect at room temperature. However, their low-

temperature properties, especially at liquid-helium temperature (4.2K), have not

been systematically characterized before.

3.3 Measurements of PMN-xPT Single Crystals

At room temperature, PMN-xPT single crystals have a piezoelectric coefficient

d33 greater than 2000 pCN−1, an electromechanical coupling factor k33 greater

than 90%, and a maximum strain η more than 1% [10–15]. These superior

properties make PMN-xPT a promising candidate for the next generation of ultrasonic

transduction devices. The exceptional electromechanical properties of PMN-xPT are

related to a morphotropic phase boundary (MPB) near x = 33–35% [13], which

separates the rhombohedral (pseudo-cubic) (3m) and the tetragonal (4mm) phases.

The coupling between rhombohedral and tetragonal phases for crystals with near-

MPB compositions enhances the dipole polarizability, allowing an optimum domain

reorientation during the poling process [10].

The investigations on PMN-xPT crystals at low temperatures have been

primarily focused on the phase transition behavior, dielectric properties and thermal
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conductivity [16–19]. Here we report our measurements of the impedance curves

for thin plates of z-cut PMN-xPT crystals containing different PT compositions

(x = 27–31%) at liquid-helium temperature (4.2K). Piezoelectric, dielectric, and

elastic coefficients are obtained by fitting the measured impedance curves with the

theoretical model introduced above. Specimens of PMN-xPT crystals with x = 0.27,

0.28, 0.29, 0.31 were prepared from a 〈001〉-seeded crystal grown using a modified

Bridgman technique. The PT composition of each specimen was estimated from

the Curie temperature measurements. All of the crystal specimens were oriented

and cut along the 〈001〉 crystallographic direction with dimensions of approximately

7× 7× 0.7mm3. The specimens were annealed at 600◦C for 8 hours. Gold electrodes

were deposited onto the surfaces by sputtering. We thank Dr. Jian Tian, Dr. Xingling

Huang, and Dr. Pengdi Han at H. C. Materials Corporation, Illinois, for supplying

us with these samples. An RF network analyzer (Agilent 8712ES) was employed for

the impedance curve measurements. Two frequency ranges were chosen: 2 to 4MHz

covering the first thickness mode resonance frequency and 9 to 11MHz covering the

third thickness mode resonance frequency.

The fitting of the impedance curves is carried out in the following steps. First, the

thickness mode coupling constant kt and the elastic constant cE
33 are calculated from

the measured resonance and anti-resonance frequencies on the impedance curves by

using the derived formulae derived from Eqs. 3.44 and 3.45 in vacuum [2] and ignoring

the loading fluid or internal damping induced frequency shifts:

k2
t =

π

2

fr

fa

tan

[
π

2

fa − fr

fa

]
, (3.74)

bM =
4

ν2
ρMf 2

a d2 or cE

33 =
4

ν2
(1− k2

t )ρMf 2
a d2, (ν = 1, 2, 3, . . . ). (3.75)

Here fr = ωr/2π is the resonance frequency (impedance minimum), fa = ωa/2π is

the anti-resonance frequency (impedance maximum). For the material density ρM,

we take the value at room temperature. Second, we find the dielectric constant εS
33

by fitting the impedance curves far away from the resonances when the transducers
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behave purely like parallel plate capacitors (refer to Eq. 3.43). Then the piezoelectric

constant e33 can be directly calculated through

e2
33 = k2

t ε
S

33bM. (3.76)

Finally, we choose the internal damping coefficient ςM in Eq. 3.48 appropriately so

that the calculated peak broadenings are as close to the measured ones as possible.

Table 3.2: Material constants for PMN-xPT crystals at room temperature (RT) and

4.2K.

x% T ρM d εS
33/ε0 cE

33 vM kt e33

(K) (g cm−3) (mm) (1010 Nm−2) (m s−1) (Cm−2)

27 RT 8.2 0.693 837 11.8 4540 0.55 19.5

4.2 78 14.7 4850 0.49 5.69

28 RT 8.2 0.694 817 11.6 4530 0.56 19.7

4.2 72 14.6 4800 0.47 5.15

29 RT 8.2 0.705 786 11.5 4540 0.56 19.3

4.2 74 14.4 4870 0.51 5.75

31 RT 8.2 0.707 758 11.5 4540 0.56 18.5

4.2 71 14.4 4860 0.49 5.30

The obtained material constants for all our PMN-xPT crystals (x = 0.27, 0.28,

0.29, 0.31) at room temperature and at 4.2K are given in Tab. 3.2. Our measured and

fitted results at room temperature agree well with those reported in the literature.

Figures 3.7 and 3.8 show our fits to data for the impedance magnitude of a PMN-

xPT specimen with x = 0.28 at room temperature and 4.2K, respectively. The

small peaks on the measured curves are due to weak couplings to modes other than

the thickness mode of the specimen, and their amplitudes are influenced by the way

that the electrical contact is made to the specimen and the exact placement of the

specimen in the holder.
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Figure 3.7: Impedance magnitude of a PMN-0.28PT plate at room temperature. (a)

and (b) show the first and third resonance peaks, respectively. The solid curve shows the

experimental data and the dashed curve is the theoretical fit.
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Our results show that the thickness mode coupling coefficient kt for different

PT compositions depends weakly on temperature. The dielectric constants with

constant strain εS
33 decrease significantly with temperature for all specimens. The

elastic constants cE
33 and the sound velocities vM of the specimens increase with

decreasing temperature. According to Eq. 3.46, e33 is the primary material constant

that determines the magnitude of the surface velocity at resonance under a fixed

applied voltage (if we ignore the internal damping of the material). In Tab. 3.3, we

list εS
33, e33 and kt for z-cut lithium niobate and lithium tantalate single crystals in

comparison with our PMN-0.29PT. We only list room-temperature values for lithium

niobate and lithium tantalate because we have been unable to find in the literature

their low-temperature values. But under normal circumstances, those numbers should

all decrease with temperature [20]. As one can see, PMN-xPT is indeed a very

promising choice for physics experiments at low temperatures due to its large e33

even at 4.2K.

Table 3.3: Measured dielectric, piezoelectric and coupling constants in the thickness mode

of PMN-0.29PT compared with other materials.

Material T (K) εS
33/ε0 e33 (Cm−2) kt

PMN-0.29PT RT 780 19.3 0.56

4.2 74 5.75 0.51

LiNbO3 RT 27.9 1.33 0.17

LiTaO3 RT 42.8 1.09 0.19

3.4 Calculations for PZT-4 Polycrystals

As far as the mechanical strength is concerned, single crystals such as PMN-

xPT and LiNbO3 mentioned above usually have higher maximum (breaking) strains,
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compared with polycrystals such as lead zirconate titanate (PZT). However, as far

as the dielectric and piezoelectric strengths are concerned, polycrystals can have

enormously larger εS
33 and e33 than single crystals have (compare Tab. 3.1 with

Tab. 3.3). That is why PZT polycrystals have been more commonly used as ultrasonic

transduction devices, especially for physics experiments at very low temperatures.

In this section, we perform some example calculations for a planar transducer made

of PZT-4 (Navy Type-I) polycrystal that we have used in some of our experiments.

We assume the transducer to vibrate only in its thickness mode in liquid helium,

but we allow for relatively large internal damping, nonzero resistance from the

wire connections inside the cryostat, the capacitance of the BNC cables outside the

cryostat, and the source impedance of the power supply. These seemingly minor

ingredients significantly affect the actual voltage applied onto the transducer and

the acoustic power that the transducer can transmit into the liquid. Through our

calculations, we can give a more reliable estimate for the vibrational behavior of the

transducer and the pressure swing produced in the liquid.

Our power supply is an RF gated amplifier of ZS = 50Ω source impedance. A

continuous sine wave of about 3V in amplitude and 1MHz in frequency is fed into

this amplifier and chopped into pulses of tunable length τ = 0 to 250µs, and can

be enhanced to maximum 800V in amplitude. The measured total resistance due

to the wire connections inside the cryostat is Rwire ≈ 45Ω. An RG58A/U cable of

about 2m long outside the cryostat is used to send in the driving voltage. Its rated

capacitance per unit length is C0 = 104 pFm−1, hence contributing a total capacitance

of Ccable ≈ 208 pF relative to the ground. Figure 3.9 shows the effective circuit of this

setup.

For each given frequency ω and the source voltage amplitude VS(ω), the applied
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Figure 3.9: The effective circuit of our experimental setup.

voltage difference across the transducer is

∆V (ω) = VS(ω)

ZD(ω)

1− iωRwireCcable − iωCcableZD(ω)

ZS +
Rwire + ZD(ω)

1− iωRwireCcable − iωCcableZD(ω)

. (3.77)

Here ZD(ω) = Z(ω) given in Eq. 3.42. The transducer surface velocity (for z = +d/2)

according to Eqs. 3.39 and 3.41 is

V (ω) =
−iωe33∆V (ω)/2bM

qMd

2
cot

(
qMd

2

)
− i

b

bM

(
qd

2

)
− k2

t

. (3.78)

A gated cosine wave of frequency ω¦ extended from t = −τ/2 to t = +τ/2 in the time

domain is

VS(t) = VS cos(ω¦t)
[
Θ

(
t +

τ

2

)
−Θ

(
t− τ

2

)]
. (3.79)

Its Fourier transform into the frequency domain is

VS(ω) = VS

τ√
2π

sin
[
(ω − ω¦)

τ

2

]
[
(ω − ω¦)

τ

2

] . (3.80)

Combining Eqs. 3.77–3.80, we can calculate the transducer surface velocity in the time

domain via an inverse Fourier transform.

The thickness of our PZT-4 transducer is 0.086 inch and the diameter is 1.0 inch.

We use the helium mass density ρ = 0.145 g cm−3 and the sound velocity v = 238m s−1
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Figure 3.11: Transducer surface velocity in the time domain driven by a source voltage

of 500 V at 0.9144 MHz for 100µs.

at zero temperature. As an example, we choose the source voltage amplitude

VS = 500V, the pulse length τ = 100µs, and the internal damping ςM = 10−13 s2 cm−1.

From Fig. 3.10 one can see that a 500V source voltage from the gated amplifier reduces

to only about 47.5V on the transducer at the resonance frequency fr ≈ 0.9063MHz;
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and the velocity maximum is only about 130.5 cm s−1 at the frequency f¦ = ω¦/2π ≈
0.9144MHz, shifted towards the anti-resonance to compensate the voltage reduction.

In Fig. 3.11, we plot the surface velocity in the time domain for a gated 100µs pulse

driven at f¦ = 0.9144MHz. The velocity starts from zero at t = −50µs and saturates

to its maximum 130.5 cm s−1 in about 30µs. Once the driving source is turned off at

t = 50µs, the vibration decays back to zero within about 30µs.
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Chapter 4

Imaging Single-Electron Bubble

Motion

In Chapter 1 we have mentioned that the energy required to form a 1S electron

bubble in liquid helium is given in the sharp-wall approximation by

Eb(R) =
~2π2

2meR2
+ 4πσR2 +

4π

3
pR3, (4.1)

where me is the electron mass, R is the bubble radius, σ is the surface tension of liquid

helium at the wall, p is the pressure of liquid helium in the bulk. The three terms

represent the kinetic energy of the electron wavefunction confined in a spherical cavity,

the surface energy, and the volume energy needed to open up a cavity in liquid helium

under a given pressure. The variation of the energy with radius at zero temperature

for several different pressures is shown in Fig. 4.1. At zero pressure, the minimum

energy corresponds to a stable radius Rb ≈ 19 Å. For negative pressures, the stable

radius increases; and at a critical pressure pc, the bubble becomes unstable against

isotropic radial expansion. From Eq. 4.1, pc can be derived analytically as [1]

pc = −16

5

( me

10π~2

)1/4

σ5/4, (4.2)
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which is about −2 bar, since σ is 0.375 erg cm−2 at zero temperature. The magnitude

of pc decreases at higher temperatures due to the temperature dependence of σ. This

negative pressure is considerably smaller in magnitude than the negative pressure

required to cause homogeneous nucleation of bubbles in liquid helium. Consequently,

cavitation due to electron bubbles is readily distinguished from cavitation due to

homogeneous nucleation.
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Figure 4.1: Energy of an electron bubble at zero temperature versus radius for several

different pressures.

In most of the experiments performed in our group so far [2–6], a hemispherical

transducer has been used to focus sound to a region in the liquid with a volume of

the order 10−5 cm3. If the pressure swing due to the sound pulse is large enough

and if an electron bubble is in the focal region, cavitation will occur. In this type of

measurement, a series of pulses is applied and the number of times that cavitation

occurs is recorded. From an analysis of how the probability of cavitation varies with

the driving voltage applied to the transducer, it is possible to deduce the pressure

threshold pc for cavitation and also the number density of the electron bubbles.

In the experiment that we introduce here [7], instead of using focused sound, we
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employ a planar ultrasonic transducer so as to produce a sufficiently large transient

negative pressure over a big volume (∼ 1 cm3) of liquid 4He. The main experimental

challenge is the design of such a transducer. Once this is achieved, by choosing a

suitable ultrasonic frequency, we can make each bubble in the volume expand to

a size that is sufficiently large that we can determine its position. Through the

application of a series of sound pulses, we can then take images that show the track

of individual electrons. Some of the electron tracks that we see are believed to show

the motion of electron bubbles that are trapped on quantized vortices and sliding

along the vortices. Surprisingly, tracks of electron bubbles can be observed in the

liquid helium even when no electron source is installed in the cell. In most of the

tracks an electron is first seen close to the surface of the sound transducer. We discuss

the possible origin of these electrons. A model in which the electrons are the results of

cosmic rays passing through the liquid is considered in detail. Monitoring the motion

of single electron bubbles in liquid helium may have applications to the study of the

flow of both normal and superfluid helium, to the study of quantized vortices, and to

the investigation of the exotic ions.

4.1 Exploding Electron Bubbles

A highly energetic electron passing through condensed matter will result in the

excitation and ionization of atoms along its path. The track of the electron can be

determined by observation of the scintillation from the excited atoms, or through the

detection of the ionization produced in the material or the energy deposited [8]. For

an electron that is moving slowly, these detection methods cannot be applied since

the electron does not have enough energy to excite atoms. The determination of

the position of an electron by optical means is extremely challenging because of the

very small cross-section for photon-electron scattering. For a free electron, the total
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scattering cross-section is given by the Thomson cross-section [9]

σt =
8π

3

(
e2

mec2

)2

= 6.7× 10−25 cm2, (4.3)

where c is the speed of light. This formula is valid if the photon energy is much less

than the rest mass of the electron.

If the electron is in a liquid or a solid, there will be extra scattering, because

the presence of the electron modifies the medium around it and because the electron

is no longer free. This modification is particularly pronounced for an electron in

liquid helium, where it becomes trapped in a cavity forming an electron bubble. The

presence of the hole in the liquid (a region of different dielectric constant from that

of the liquid) gives a total scattering cross-section [10]

σt =
128π5

3

R6
b

λ4

(
n2 − 1

2n2 + 1

)2

, (4.4)

where λ is the light wavelength in vacuum and n is the refractive index of the liquid.

For liquid helium, n = 1.028, and red light gives a total cross-section of the order of

10−23 cm2.

In order to image the motion of electrons, a much larger scattering cross-section

is needed. One possibility is to use a photon energy that causes the electron to

make a transition to an excited state within the bubble. For example, photons of

wavelength around 10µm can excite the electron from the ground state to the 1P

state [11; 12]. The cross-section for this process is much larger [13], i.e., of the order

of 10−14 cm2. The electron can return to the ground state by emitting a photon of

wavelength around 30µm [14]. It might be possible to detect these photons and in

this way determine the position of an electron bubble. In the present experiments,

we have used an alternative approach based on ultrasonics.

In our experiment, we enhance the scattering cross-section of an electron bubble

by increasing its size. If a negative pressure is applied to the bubble, the radius
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that minimizes the energy increases. At the critical pressure given by Eq. 4.2, the

bubble becomes unstable, i.e., there is no value of the radius at which the energy has

a minimum (see Fig. 4.1). Once the pressure becomes negative with respect to pc,

the bubble begins to grow very rapidly and can reach a large size. The radius of the

bubble at a later time can be estimated by using the Rayleigh-Plesset equation [15]

R̈b(t) = − p(t)

ρRb(t)
− 3Ṙ2

b(t)

2Rb(t)
, (4.5)

where ρ is the mass density of the liquid. In the derivation of this equation, it is

assumed that the work done by the negative pressure when the bubble expands is

equal to the rate of increase of the kinetic energy of the liquid surrounding the bubble.

Thus, the liquid is taken to be incompressible. The effect of the surface tension is

neglected since surface tension is important only when the bubble is very small, i.e.,

when the radius is of the order of 1000 Å or less. To calculate the time-dependence

of the bubble radius Rb(t) for a given time-dependence of the pressure p(t) produced

by the sound, we take the bubble radius to be zero until the pressure drops below

pc. As an example, we show in Fig. 4.2 the radius as a function of time for a pressure

varying as

p(t) = −P sin(2πft), (4.6)

where P is 2, 3 and 4 bar, the frequency f is 1.5 MHz. In this figure, the nucleation

pressure pc is taken as −1.8 bar. For P = 2bar the maximum Rb is 7.6µm, and the

bubble expands and collapses once each sound cycle. It follows from Eq. 4.5 that the

maximum Rb is inversely proportional to the frequency f . Note that for higher values

of P , expansion and collapse take place every two cycles of the applied sound instead

of once per cycle.
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Figure 4.2: Calculated radius of a bubble as a function of time under different amplitudes

of pressure swings.

4.2 Designing Ultrasonic Transducers

As we will show in more detail below, it is possible to detect a bubble of radius

∼10µm by light scattering using a rather simple light source and detection scheme.

Thus the combination of P ≈ 2 bar and f ≈ 1.5MHz is adequate for the experiment,

although a higher pressure would make detection easier. The greater challenge is to

find an ultrasonic transducer capable of producing the required pressure swing. The

amplitude of the pressure wave launched into bulk liquid by a planar transducer is

given by the formula

P = ρcV , (4.7)

where c is the sound velocity of the liquid and V is the amplitude of the velocity

oscillation of the transducer surface. In order for P to be 2 bar in liquid helium, V
has to reach about 600 cm s−1. Consider a planar ultrasonic transducer with faces

at z = ±w/2. The acoustic impedance of liquid helium is much smaller than the

impedance of the transducer material, and so when the transducer vibrates, the
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displacement is a maximum at the surface. Thus, in the lowest order thickness mode

the frequency is f = cM/2w where cM is the sound velocity of the transducer material.

It follows that the displacement in the transducer is

u(z) = u
(
z =

w

2

)
sin

(πz

w

)
, (4.8)

and the strain in the transducer is

η(z) =
V
cM

cos
(πz

w

)
. (4.9)

Thus, the strain has a maximum value of V/cM at the center of the transducer.

From this it follows that in order to have the required surface velocity the strain in

the transducer has to be of the order of 10−3, close to the breaking strain of many

materials. Operating the transducer in a higher order mode or using a transducer

with a different thickness does not change the relation between the maximum strain

and the surface velocity.

We have experimented with transducers of lead zirconate titanate (PZT), lead

magnesium niobate - lead titanate (PMN-PT) [16], and lithium niobate (LiNbO3).

It is not difficult to drive these transducers to achieve the required amplitude; the

problem is that the transducers often break. We have had most success with 36◦-

rotated y-cut LiNbO3 with a frequency in the range 1.2 to 1.5MHz \. In the first

experiments, a square plate was used with a side of 1.2 cm. The top and bottom

surfaces of the transducer were plated with gold, and electrical leads were soldered to

the gold film. Because of the large acceleration of the surface (∼ 6× 109 cm s−2) the

leads would often break off, sometimes pulling a piece of the transducer with them.

To solve this problem we switched to circular transducers as shown in Fig. 4.3. The

region near the edge of the transducer is tapered so that in this region the vibration

amplitude is less than in the central part of the transducer. The electrical leads are

soldered to the gold film in the tapered area. The lateral dimensions of the sound

\Boston Piezo-optics, Bellingham, Massachusetts, USA.
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pulse should correspond to the 1.27 cm diameter of the part of the transducer that

has the uniform thickness.

2.03 cm

0.28 cm

0.38 cm0.38 cm

0.08 cm

1.27 cm

3D View

Side View

Figure 4.3: Three-dimensional and cross-sectional view of the lithium niobate ultrasonic

transducer used in the electron bubble imaging experiments.

In order to obtain a high amplitude of the transducer without having to use a large

driving voltage, the transducer was typically driven at resonance for 30µs. In order

to minimize the chance of breaking the transducer, most observations were made

with a driving voltage on the transducer no more than 10% above the minimum

voltage needed to see exploded electron bubbles. Because the transducer was driven

at a voltage greater than the minimum needed, and because its amplitude decreases

slowly after the drive is turned off, it is likely that each sound pulse causes an electron

bubble to explode several times but we have no way to verify this experimentally.

Two different experimental cells were used, each with windows for introducing light

and for viewing the bubbles. These cells were installed in our 4He optical cryostat

with a 1K pot. A sequence of sound pulses was applied with a repetition rate usually

either 20 or 32Hz. The electron bubbles were illuminated with light from a strobe

lamp. The timing of the light flashes was synchronized with the application of the

sound pulses. The length of the sound path that could be viewed through the cell
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window was approximately 1 cm, and sound takes approximately 40µs to cross this

distance. Hence, to ensure that an exploded bubble would be illuminated no matter

where it was when exploded, it was necessary to use sufficiently long light pulses.

To reduce the amount of heat deposited in the cell by the flash, a mirror was placed

inside the cell to reflect the light that passed through the helium back out towards

the strobe lamp. This also served to double the number of photons incident on

the bubbles. Two different strobe lamps were used and the time-dependence of the

output of each lamp was measured. From measurements of the total energy output

and allowing for geometrical factors, we estimate that the mean photon flux while

the sound pulse traversed the cell was ∼ 2× 1020 cm−2 s−1.

Figure 4.4 shows the basic experimental setup. The transducer in our experiments

was initially placed just above the top edge of the viewing window and faced

downwards, but later moved to just below the bottom edge of the viewing window

and faced upwards. The scattered light from the exploded bubble was recorded by a

home-style camcorder \ with its lens 15 cm from the center of the cell. The camcorder

was placed at right angles to the incident light. Depending on the experimental needs,

there might be a field-emission tip hanging from the top of the cell or a radioactive

source placed on a side of the cell wall.

A straightforward calculation using geometrical optics gives for the differential

scattering cross-section at right angles

dσ

dΩ
=

R2
b(n− 1)2

4
≈ 2× 10−4R2

b, (4.10)

where n = 1.028 is the refractive index of liquid helium. This result is for unpolarized

light and is correct to lowest order in n − 1. For a bubble with radius 10µm the

differential scattering cross-section is therefore only 2× 10−10 cm2. As a result, it was

important to keep other contributions to the scattered light to a minimum. The light

from the strobe lamp was collimated so that it did not contact the part of the cell

\Sony model TRV740 camcorder.
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Strobe LampCamcorder

Ultrasonic Transducer

Experimental Cell

Figure 4.4: Schematic diagram of the experimental setup for imaging single-electron

bubble motion.

wall that was viewed by the camcorder, and all of the cell walls were painted black.

The solid angle subtended by the camcorder lens was estimated to be 0.056 steradian

and so the total number of photons reaching the camcorder was

Nphoton = 2× 1020 × 0.056× 2× 10−4

∫
R2

b(t) dt, (4.11)

where the integral extends over the duration of the sound pulse. From the results for

the bubble radius shown in Fig. 4.2, we find that the integral of R2
b(t) over one cycle

for a pressure oscillation of 2 bar is 2× 10−13 cm2. Thus, the total number of photons

is approximately 450 times the number of cycles that the bubble explodes, so there

are probably a few thousand photons reaching the camcorder for each applied sound

pulse. With the available camera, we were able to detect these photons provided we

used the camera in the super-night mode running at 4 frames per second with high

sensitivity. Typically, if the sound pulses and strobe lamp are set to run at 20 pulses

per second, then as many as 5 positions of an electron are sometimes recorded by the

camcorder on a single frame.
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4.3 Experimental Observations

In the first few experiments, we used a cell attached to a continuously operating

1K pot. The cell was cooled at the bottom and measurements could be made at

temperatures down to 1.3 K. A planar lithium niobate transducer was mounted inside

the cell at a height just above the top edge of the viewing window. The cell did not

contain any source of electrons. The most commonly seen event is a single electron

bubble moving from the top to the bottom of the cell. At 1.8K the rate of seeing

such electrons was measured to be 0.2 s−1. Typical pictures are shown in Fig. 4.5,

where the bright bar at the top of the viewing window is the bottom surface of the

transducer. As a first step, it was important to determine that the objects observed

are in fact electrons. For example, one could suppose that the images come from the

scattering of light by dust particles drifting around in the liquid. We were able to

eliminate this possibility by looking to see if scattering occurred when the transducer

was not excited. We found that there was no scattering. A second possibility is

that the scattering arises more indirectly from dust particles in the liquid. The dust

could be too small to give significant light scattering but might still be able to cause

heterogeneous nucleation of bubbles in the presence of the sound wave. To test this

we made measurements of how the number of times a scattering event was seen varied

as a function of the voltage applied to the sound transducer. We observed a sharp

threshold voltage below which almost no scattering could be observed. This sharp

threshold is expected if we are seeing bubbles that grow from electron bubbles. For

heterogeneous nucleation of bubbles on dust particles, however, we would expect that

there would be a different pressure required for each particle and so there should be

no sharp threshold. For higher voltages there is a slow increase in the probability of

seeing electrons. We presume this is because the sound field falls off at the edge of

the transducer and so when the transducer amplitude is increased, the volume within

which electrons can be exploded increases.
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(a) (b)

Figure 4.5: Two images of an electron moving down the cell. The temperature is 1.5 K.

The temperature-dependence of the pressure needed to explode an electron bubble

has been measured by Classen et al. [3]. In that experiment, the pressure was

produced using a hemispherical transducer to bring sound to a focus. In Fig. 4.6,

we compare those measurements with the measured voltage threshold in the current

experiment. In order to make a best fit between the two data sets we have assumed

that in the current experiment the pressure produced when 1V is applied to the

transducer is 0.002 bar. The agreement between the temperature-dependence of the

threshold as measured in the two experiments is reasonable.

The majority of the electrons that we have detected travel down the cell along

smooth and slightly curved paths. They undergo this motion because of the drag

exerted on the electron bubbles by the moving normal fluid. This normal fluid is the

gas of thermally-excited phonons and rotons and so we can consider that the electrons

are drifting with the phonon-roton wind. The wind flows down the cell because the

operation of the ultrasonic transducer results in a heat input at the top of the cell

and this heat has to cross the cell in order to escape through the cooling heat link at

the bottom. The velocity vn of the normal fluid is given by

vn =
Q̇

AsT
, (4.12)
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Figure 4.6: Amplitude of the sound wave needed to explode an electron bubble as a

function of temperature. The solid curve is the data of Classen et al. and the crosses are

the present data.

where A is the cross-sectional area of the cell and s is the entropy per unit volume. The

velocity that we observe for the electrons is consistent with the velocity of the normal

fluid as given by this formula, when allowance is made for the fact that the cell does

not have a simple geometry so the area A is not rigorously defined. As an example,

Fig. 4.5(a) was obtained at 1.5K, with an average power input to the transducer of

∼ 250mW. The measured electron velocity is about 5 cm s−1 and this is consistent

with Eq. 4.12 if the area is taken to be 1 cm2. Of course, an accurate calculation of the

velocity of the normal fluid requires detailed allowance for the shape of the cell, the

heat flow in the walls, and the Kapitza resistance. There may also be a contribution

from acoustic streaming. The paths of the electrons tend to curve outward away from

the center of the cell (see Fig. 4.5(b)). This curvature occurs because the heat enters

the fluid over a rather small area at the top of the cell whereas it leaves the cell over

a larger area at the cell bottom.

The electron bubbles should also undergo a diffusive motion. The diffusion
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coefficient D is related to the electron mobility µe by the Einstein relation

D =
µekBT

e
. (4.13)

At 1.5 K, µe = 0.245 cm2 V−1 s−1 and so D = 3.2 × 10−5 cm2 s−1. The bubbles take

about one second to drift from the top of the cell and so during this time move

diffusively a distance that it is of the order of
√

Dt ∼ 0.006 cm. This is too small for

us to detect with the present apparatus.

A small fraction of the electrons that were seen first appeared at a point within the

liquid helium far from the transducer surface. Examples are shown in Fig. 4.7. The

rate of these events is about 0.04 s−1. There are at least two possible origins of these

electrons. They could result from cosmic rays, or other charged particles, that ionize

helium atoms along a track. If a pair of the resulting positive and negative ions do

not recombine, this would result in an electron bubble appearing in the interior of the

liquid. We will discuss this in more detail in the next section. A second possibility

is that the electron bubbles appear when a gamma from outside the helium, e.g.,

from the cell wall or other part of the cryostat, undergoes Compton scattering or

photoelectric conversion within the helium. In a Compton scattering event, the recoil

electron will usually have sufficient energy to travel far enough from the positive ion

that recombination is unlikely to occur. Compton scattering lengths in liquid helium

are 100 cm at 1MeV, 40 cm at 100 keV and 10 cm at 10 keV. Thus, for example, if

we consider gammas of energy 100 keV, there would need to be a gamma flux of

0.16 cm−2 s−1 in order to give the number of electrons that we see first appear in the

part of the interior of the cell through which sound travels and that we can observe,

whereas for gammas of energy 1 MeV the flux would need to be 0.4 cm−2 s−1. These

rates are reasonable based on the results of a measurement of the integrated gamma

background rate in the laboratory. We have brought a 137Cs gamma source of activity

10µCi up to the outside of the cryostat and have seen that this increases the number

of tracks that start in the liquid.
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(a) (b)

Figure 4.7: Images in which an electron bubble is first seen at a point in the interior of

the cell rather than near to the surface of the transducer. The temperature is 1.8 K.

In some of the images, two or more electrons are detected. This could just be

a coincidence that two electrons enter the cell at the same time, but the number of

times that this happens appears to be larger than would be expected on this basis.

Examples are shown in Fig. 4.8. There appear to be different types of multi-electron

events. The most common (rate 0.03 s−1 at 1.8K) are events in which two electrons

appear to leave the surface of the transducer at the same time. Such an event is

shown in Fig. 4.8(a). By extrapolating the paths of the two electrons backwards in

time, one can estimate when the electrons left the surface of the transducer. They

appear to leave at the same time to within 2 ms and so it is unlikely that this is a

coincidence. In Fig. 4.8(b), we show an event in which the two electrons originate a

close distance apart and at the top of the cell. This is the only event we have seen like

this and so we cannot assign an event rate for it. We have also seen events in which

more than two electrons appear in the interior of the cell (Fig. 4.8(c)). Although in

this image there must be more than one electron present, it is not obvious which of

the images are associated with which electron. One possibility is that these events

originate when a first electron is excited by Compton scattering and then the lower

energy gamma ray that is produced undergoes a second Compton scattering process

or absorption by the photoelectric effect. We have also seen a few events in which an
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electron first appears in the interior of the cell along with an electron at the surface

of the transducer.

(a) (b)

(c)

Figure 4.8: Images in which more than one electron are seen. The temperature is 1.8K.

In an attempt to make higher resolution recordings, we increased the repetition

rate of the sound pulses to 32Hz. To improve the heat extraction from the cell, we

moved the sound transducer to the bottom of the cell so that it was closer to the

heat link to the 1 K pot. Despite making this change, it was no longer possible to

keep the temperature below the λ-point. Below the λ-point, the electrons should

move with the normal fluid component, and at a solid surface the velocity of this

fluid should be normal to the surface \. Above the λ-point, the electrons should move

\The unique two-fluid internal convection (counterflow) of He-II allows normal fluid to flow

away from a solid surface and superfluid to flow towards a solid surface so that the total mass flow

perpendicular to the surface is zero.
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(a) (b)

(c)

Figure 4.9: Images of an electron moving under the combined influence of the upward

convective flow of the liquid and an applied electric field. The electrode is at the bright spot

at the top of the window. Voltage on the electrode is (a) 50 V, (b) 150 V and (c) 500V.

The temperature is 2.4 K.

with the classical fluid, and at the transducer surface the velocity of this fluid must

be tangential to the surface (if viscosity is small), although of course, with the heat

source at the bottom of the cell, thermally-driven convection will still result in a

flow of liquid upwards and away from the surface. Thus, a bubble leaving the surface

should initially move laterally but then at some distance move primarily in the vertical

direction. We have not been able to detect this type of motion, presumably because
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the change in the direction of the flow occurs near to the surface and we are only

able to record the position of the electron every 31 ms. A set of images obtained with

sound pulses at 32Hz is shown in Fig. 4.9. In this experiment an electrode was placed

at the top of the cell and a negative voltage was applied to it. The convection of

the liquid causes the electron to move in the vertical direction when it is close to the

transducer but the path bends as the electron approaches the electrode.

(a) (b)

Figure 4.10: Images of an electron following a snake-like track, which may relate to the

electron being trapped on and sliding along a vortex line. The temperature is 1.5 K.

Approximately 5% of the electrons that we see do not follow the smooth and

slightly curved paths described so far. Below the λ-point with the transducer at the

top of the cell, we see some electrons following snake-like paths running from the top

of the cell to the bottom. Two examples are shown in Fig. 4.10. At first, we considered

the possibility that this could arise from turbulence of the normal fluid but realized

that this is impossible, because these paths appear in the same volume of liquid as

the other events. Instead, it appears that these tracks come from electrons that are

trapped on quantized vortices. The superfluid circulating around the core of a vortex

has a high velocity. An electron bubble positioned on a vortex line displaces liquid

that has high kinetic energy, and as a result there is an energy binding an electron to

a vortex line [17]. Thus, an electron that becomes trapped on a line should follow the
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path of the line. The normal fluid velocity in our experiments is typically 5 cm s−1

which is sufficient to result in the production of a tangle of vortices. According to

Vinen’s theory [18], the vortex line density at equilibrium Leq is given by

Leq = (α/β)2 v2
ns, (4.14)

where α and β are Hall and Vinen’s constants, and vns is the counterflow velocity. At

1.65K, α/β is measured to be 109 s cm−2 [19], and the counterflow velocity is nearly

the same as the velocity of the normal fluid. Equation 4.14 then gives a line density

of 3 × 105 cm−2. The idea that vortices are responsible for the peculiar motion of

the bubbles is supported by the observation that no such paths are seen above the

λ-point. However, there are many open questions that we mention here briefly.

1. The potential holding the electron onto the vortex is short range. It is

remarkable that the bubble can grow to a radius of several µm and then return

to its normal small size and still be attached to the vortex.

2. It is not clear why we see only electrons that are attached to a vortex for the

entire distance from the top of the cell to the bottom. It would seem more likely

that we should see many tracks where an electron moves down freely for some

distance and then becomes attached to a vortex, i.e., we should see tracks that

are smoothly curved to begin with but then become snake-like.

3. It is strange that the snake tracks that we see run almost straight down the cell.

We never see snake tracks that run down at a large angle from the vertical. It is

known that a vortex tangle is polarized (i.e., is not isotropic) by the flow of the

normal fluid [20], but the polarization is such that there are more lines running

perpendicular to the flow rather than parallel to it [21].

Above about 1.7K, electrons are able to escape from vortices [22], and so above this

temperature the snake-like paths should not be seen. We have not made a detailed
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study to determine the highest temperature at which these paths are detectable, but

have found that they are not seen at 2K.

Finally, we performed a simple experiment to visualize the sound field set up in

the liquid by the transducer. We placed a 5mCi 63Ni β-source in the liquid. This

produced a high density of electrons, and an image of these electrons is shown in

Fig. 4.11. One can see from the figure that the bubbles explode only in the region

where the sound field is sufficiently strong.

Figure 4.11: Image taken when the cell contained a 5 mCi 63Ni β-source in the liquid.

The transducer is at the bottom of the cell. Only those electron bubbles that are in the

sound field of the transducer explode.

4.4 Cosmic-Ray Theory

As already mentioned, in most of the experiments that we have done, no source

of electrons was installed in the cell. We have considered the possibility that the

observed electron bubbles appearing near the surface of the transducer are produced
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by cosmic rays passing through the cell. A high energy muon passing through the cell

will cause ionization along its track. Most of the electrons knocked off of helium atoms

will quickly recombine with the resulting positive ions, and only a small fraction of

the electrons will escape. These electrons will be distributed uniformly throughout

the cell. However, these cannot be the electrons that we are seeing since most of the

electrons appear to start close to the surface of the transducer, rather than being

distributed throughout the liquid. On the other aspect, when the cosmic rays excite

or ionize the helium, ultraviolet photons are produced. The energy of these photons

is around 16 eV. We consider the possibility that when the UV photons reach the cell

wall and the surface of the transducer, electrons are ejected into the helium by the

photoelectric effect. At the bottom wall of the cell these electrons would be swept

back into the wall by the normal fluid. We now consider this process quantitatively.

When passing through liquid helium, muons cause ionization and excitation of

helium atoms. The average rate at which energy is deposited in liquid helium by a

cosmic ray muon is approximately 30 eVµm−1 [23]. The ionization energy for helium

is 24.6 eV. In pure helium gas, the average energy to produce an electron-ion pair has

been measured for a β-particle to be W = 42.3 ± 0.5 eV [24] and for an α-particle

to be slightly larger, 43.3 ± 0.3 eV [25]. It is reasonable to assume a comparable

average energy needed for muons to produce an electron-ion pair. In helium, the

difference of 18 eV between the average energy of 43 eV to produce an electron-ion

pair and the ionization energy of 24.6 eV goes into excitation of helium atoms and

into kinetic energy of secondary electrons below the excitation threshold of 21.2 eV.

Sato et al. [26] calculated that for every ion produced, 0.45 helium atoms in the liquid

are promoted to excited states at the same time. Of these excited atoms, 83% are in

spin-singlet states and 17% in spin-triplet states.

The electrons e−, ions He+, and the excited atoms He∗ quickly thermalize with the

liquid helium. The electron, once thermalized, forms a bubble in the liquid typically
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within 4 ps [27]. The ion quickly forms a helium snowball. The average distance

between the electron bubble and its parent ion has been estimated by Benderskii

et al. [28] to be 1000 Å. At this spacing, the Coulomb energy of the electron-ion

pair is 170K, and since this is much larger than kBT , most electrons and ions in the

liquid will quickly (∼ 1 ns) recombine. At the experimental temperatures, most of the

electron-ion pairs undergo geminate recombination in very short time (∼ 1 ns) and

form (again) excited atoms. Experiments indicate that roughly 50% of these excited

atoms formed on recombination are in spin-singlet states and 50% are in spin-triplet

states [29].

All the excited atoms, including those from the initial ionization and excitation

and those due to the recombination, upon interacting with ground-state helium atoms,

form diatomic excimer molecules

He∗ + He → He∗2. (4.15)

A dimer in a highly excited singlet state can rapidly cascade to the first excited state,

He2(A
1Σ+

u ), and from there radiatively decay in less than 10 ns to the ground state

[30], He2(XΣg), emitting an ultraviolet photon in a band from 13 to 20 eV centered

at 16 eV. For a dimer in the triplet state He2(a
3Σ+

u ), however, the transition from

the triplet state to the singlet ground state is forbidden, since the transition involves

a spin flip. The radiative lifetime of an isolated dimer in the triplet state He2(a
3Σ+

u )

has been measured in liquid helium to be around 13 s [31]. They can also be destroyed

via a thresholdless bimolecular Penning ionization process [32] or quenching on the

cell wall. For clarity, we summarize all the above description into Fig. 4.12.

In our experiments, due to the flow of the liquid, most of the triplet molecules

generated when a cosmic ray muon passes through the liquid will be dragged by the

fluid and quenched on the cell wall before they can radiatively decay. Thus, we expect

that only the singlet molecules will contribute to the number of ultraviolet photons

produced in the cell. Based on the above analysis, the number of prompt ultraviolet
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Figure 4.12: The cosmic-ray induced ionization and excitation processes in liquid helium

and the generation of ultraviolet photons.

photons per ion produced is then 0.45× 0.83 + 0.5 = 0.87, the first term accounting

for the singlet dimers formed from excited atoms and the second term representing

the fraction of ions that form singlet dimers on recombination. These photons can

pass through bulk helium because there is no absorption below 20.4 eV. A fraction

of these photons will strike the surface of the transducer which is coated with gold.

Given the work function of gold of 4.5 eV, photo-electrons can be emitted from the

gold film into the liquid, as shown symbolically in Fig. 4.13.

Considering the geometry of the cell used in our experiment, it is estimated that

the flux of cosmic rays through the cell is roughly Ṅray ∼ 0.8 s−1 [33]. The muons

passing through different parts of the cell and at different angles have different track

lengths in the liquid. For simplicity, here we take the average distance that each

cosmic muon passes in the cell to be 7 cm. The total number of ultraviolet photons

generated per cosmic ray event Nphoton is then approximately

Nphoton =
30 eV µm−1 × 7 cm

43 eV
× 0.87 = 4.2× 104. (4.16)
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Figure 4.13: Creation of electrons from the transducer surface due to photoelectric effect.

Considering the solid angle of the transducer, we estimate that about 5% of the

ultraviolet photons will reach the surface of the transducer. Hence the number

of photons that strike the transducer per cosmic-ray event is roughly Nevent ≈
5%×Nphoton = 2.1× 103. Let the probability that a photon striking the transducer

produces an electron that escapes into the liquid helium be γ. Then the average rate

of seeing electron track events is

Ṅe1 = ṄrayNeventγ = 1700γ s−1. (4.17)

Experimentally, the average rate of seeing electron bubbles appearing from the

transducer is 0.2 per second. As a result, we find that the photon-electron conversion

probability is γ ≈ 1.1 × 10−4. As will be discussed below, it is difficult to make an

independent estimate of the value of γ, and consequently we have looked for another

way to test this model. When the 16 eV photons strike the transducer surface, there

is a finite probability that two electrons will be knocked out simultaneously. We can

compare this rate with the rate expected based on the muon model just described,

and use this as a consistency check of the model. The rate of the double-track events
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is given by

Ṅe2 = Ṅray
Nevent(Nevent − 1)

2
γ2(1− γ)(Nevent−2) = 0.017 s−1. (4.18)

This is in reasonable agreement with the observed double-track event rate of 0.03 s−1

considering the uncertainties in the geometry.

4.5 Escape-Probability Calculations

Is the value that we have found for γ reasonable? This involves a number of issues.

We have been unable to find a measurement of the photoelectric efficiency ηgold for

gold at 16 eV; instead, we have only found data up to 11 eV [34] and above 20 eV [35].

In In addition, the efficiency appears to be very dependent on the condition of the

surface. The efficiency at 11 eV was found to be between 0.002 and 0.02 depending on

the film thickness, which varied from 75 to 240 Å. These values are for photoemission

when the light was applied on one side of a gold film and the electrons were emitted

from the other side. The photoelectric efficiency is defined as the number of electrons

emitted per incident photon. At 20 eV, measurements were made on a gold film

of thickness 1000 Å, and the efficiency was found to be 0.06. We do not know the

thickness of the gold film on our transducer. Based on these limited data, we will take

the efficiency to be 0.02, but this could certainly be incorrect by a factor of 2. We

now have to consider what fraction fgold of the electrons that leave the gold surface

will escape into the bulk helium. This fraction is small because the emitted electrons

are strongly scattered once they are in the helium, and when they have lost their

initial kinetic energy the positive image charge in the gold film pulls them back out

of the liquid. However, the value of fgold is increased because the flow of the normal

fluid provides a drag force pulling electrons away from the gold film.

We have performed Monte Carlo computer simulations to estimate fgold. We
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assume that the mean distance from the gold surface at which an electron forms a

bubble is ξ. Since the electron makes many collisions and undergoes a random walk,

it is reasonable to assume that the distribution of final positions is a Gaussian. Then

the probability that the electron travels a distance between r and r + dr is

32

π2ξ3
exp

(
− 4r2

πξ2

)
r2 dr, (4.19)

and the probability that the distance of the bubble from the surface of the gold film

is between z and z + dz is \

4

πξ
exp

(
−4z2

πξ2

)
dz. (4.20)

We then consider an electron bubble starting at some value of z. The combined effect

of the motion of the normal fluid and the force due to the image charge gives the

bubble a velocity along the z-direction which is

v = −eµe

4z2
+ vn, (4.21)

where µe is the mobility. The bubble also undergoes a random motion given by

the diffusion coefficient D, related to µe by the Einstein relation Eq. 4.13. We then

consider an ensemble of 105 such bubbles with starting z-coordinates distributed

according to Eq. 4.20, and find the probability that a bubble can escape to a large

positive value of z. Since fgold is rather small, it is necessary to consider a large

ensemble. Results for 1.8 K are shown in Fig. 4.14 for the normal fluid velocities of

2, 5, and 10 cm s−1. In our experiments at 1.8K, the normal fluid velocity is usually

close to 5 cm s−1 ].

To explain the measured value of γ we need fgold = γ/ηgold = 1.1 × 10−4/0.02 =

5.5 × 10−3. From Fig. 4.14, we see that for this to happen, the average range ξ has

\This formula is an approximation since it includes in the probability of arriving at a distance

z from the transducer all possible random walks starting at z = 0. In a more accurate calculation,

the paths in which at any point the electron has a negative z-coordinate should be excluded.

]In our simulation, we consider the electron bubble to undergo a diffusive motion, i.e., the inertia

of the moving bubble is not taken into account.
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Figure 4.14: Results of a computer simulation of the escape probability fgold from the

gold film on the transducer under different normal fluid velocities as a function of the mean

range of the photoejected electrons. The simulation is for a temperature of 1.8 K.

to be 1430 Å. Benderskii et al. [28] have estimated the mean range by considering

the number of elastic collisions an electron must make with helium atoms before the

energy becomes low enough for the electron to be trapped in a bubble. They found

a range of 1000 Å and this is in reasonable agreement with our results [36].

Note that in our simulation we have considered the electron bubble to undergo a

diffusive motion, i.e., the inertia of the moving bubble is not taken into account. The

drag force on an electron bubble when it is moving with a velocity v is ev/µe. Hence

the time for an initial velocity of an electron bubble to be lost is τinertia = mbµe/e,

where mb is the hydrodynamic mass of the bubble. We can compare this time with the

time τfall it takes for a bubble to fall back to the positive ion under the influence of the

Coulomb attraction, which is of the order of r3/eµe, where r is the starting distance

from the positive ion. Thus, the simulations should be valid when τinertia ¿ τfall, i.e.,

when µe ¿
√

r3/mb. For r = 1000 Å, this condition gives µe ¿ 2.3 cm2 V−1 s−1. At
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1.8K, the mobility of an electron bubble is 0.11 cm2 V−1 s−1 [37], so this condition is

well satisfied. µe becomes equal to
√

r3/mb at around 1 K.

We now consider the experimental observation that we do not see a large number

of electrons first appearing in bulk liquid. Based on the known muon flux [33], we

estimate that within the volume of the helium that we can observe and which sound

passes through, there should be 7×103 atoms ionized per second. This compares with

the observed rate of electron bubbles appearing within this volume of 0.04 s−1. Thus,

the probability fbulk that an electron knocked off of a helium atom in bulk liquid

forms an electron bubble that does not recombine with the positive ion must be less

than 6× 10−6. When a muon ionizes a helium atom in bulk liquid, both the positive

ion and the electron will be dragged with equal velocity by the normal fluid. Thus,

the motion of the normal fluid has no effect on the probability that the electron can

escape. In the measurement of the rate of appearance of electron bubbles in the bulk

liquid, no electric field was applied. The Coulomb attraction between the electron

and the positive ion will cause both to move and so, at first sight, it would appear that

the result for the escape probability should depend on the mobility of both objects.

In fact, because of the Einstein relation connecting diffusion and mobility, the escape

probability is a function of the single parameter ξkBT/e2. The mobility only affects

the time for escape or recombination to occur. For the case that the initial separation

of the positive and negative ion is r, the escape probability is exp(−e2/rkBT ) [38; 39]

and so the mean escape probability is

fbulk =
32

π2ξ3

∫ ∞

0

exp

(
− 4r2

πξ2

)
exp

(
− e2

rkBT

)
r2 dr. (4.22)

fbulk as a function of ξ for T = 1.8K is shown in Fig. 4.15.

In order for the escape probability to be less than 6× 10−6, the mean range needs

to be less than about 4900 Å. One expects that the energy of the electrons produced

by muons will be larger than the energy for the electrons photo-emitted from the

gold surface (these have energy less than 12 eV). However, as has been pointed out
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Figure 4.15: Calculated escape probability fbulk in bulk liquid of an electron bubble from

a positive ion as a function of the mean range of the electron. The calculation is for a

temperature of 1.8 K.

by Benderskii et al. [28], the mean range is expected to vary as the logarithm of the

electron energy and so it is very unlikely that the range of the electrons produced by

the muons is as great as 4900 Å \. As a result, we conclude that it is unlikely that the

electron bubbles that are detected in the bulk come from cosmic rays, and that they

are probably the result of background gamma radiation.

\The passage of a high energy charged muon through helium will result in a small number of

ionization events, in which unusually high energy electrons are produced. These are called δ-rays.

However, based on the range estimates of Benderskii et al. [28], in order for a δ-ray to have a range

of 3000 Å, the energy would have to be very high and the rate of production of such δ-rays is very

small.
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Chapter 5

Imaging Micron-Sized Particle

Motion

During the last few years there has been an increasing interest in the study of the

flow of the superfluid and normal fluid components of liquid He-II and of the dynamics

of quantized vortices. One approach is to introduce small particles into the liquid and

to record the position of these particles as a function of time [1–3]. The particles used

so far include solid hydrogen and electrons. In addition to the experimental work,

there has been theoretical work directed to achieving an understanding of the relation

between the particle motion and the flow of the fluid [4–7].

In this Chapter, we present the results of some new experiments in which we

see some very unusual motions of micron-sized particles in superfluid helium and

observe the effect of the interaction between particles and vortex lines. Below, we first

give a general review on the drag forces in liquid He-II in different temperature and

velocity regimes. We then give an introduction to the classical theory of the acoustic

radiation force and its extension into liquid He-II, and quantitatively estimate the

acoustic impulse to a micron-sized particle under our experimental conditions. We
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then present our experimental results of imaging quantized vortices with an acoustic

radiation method, and compare the results with our theoretical calculations. Finally,

we show some other interesting observations on the strange motions of small objects

in the liquid.

5.1 Drag Forces in Liquid Helium-II

An object moving in liquid He-II is subjected to various drag forces. For different

temperature and velocity regimes, the nature of these drag forces can be rather

different. Under most circumstances, we may assume the temperature T to be nearly

uniform, and the superfluid and normal fluid velocities vs and vn to be much smaller

than the sound velocity c ≈ 236m s−1. The liquid looks like an incompressible mixture

of an Euler fluid and a Navier-Stokes fluid with the shear viscosity η [8; 9].

Consider a rigid sphere of radius a \ moving at a velocity vp through static He-II.

If the Reynolds number associated with the normal fluid density ρn,

Re =
2aρnvp

η
, (5.1)

is not overly large, the drag force solely comes from the normal fluid and is identical

to the classical Stokes drag force,

FStokes = −6πηavp. (5.2)

Experimentally, people have measured the drag force and calculated η from the

λ-point down to 0.1 K. They typically use oscillating structures of centimeter size

installed in a chamber filled with He-II and measure the damping of oscillations

\To fulfill the hydrodynamic description, the sphere radius should be much larger than the mean

free path of the thermal excitations existing in the liquid at any specific temperature.
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Figure 5.1: Dependence of viscosity on temperature by Esel’son et al. [10]. Curve 1

corresponds to pure 4He. Curves 2–6 correspond to solutions with a 3He content of 0.01%,

0.06%, 0.09%, 0.18%, and 0.47%. The peak height varies with the 3He concentration because

of the 3He-phonon scattering.

[10; 11]. One may guess that the obtained η should monotonically approach zero as

T → 0K. However, it was found that η first sharply increased at around 1K, passed

a peak at about 0.6 K, and then fell down (see Fig. 5.1). This has been understood

as the transition into the Knudsen regime in which the phonon mean free path l

becomes comparable to, and then greater than, the characteristic dimensions of the

instrument (say, the sphere radius a). If we still formally employ the Stokes formula,

then the experimentally obtained η should be interpreted as an effective viscosity

ηeff ≈ ηStokes

(
1 + B

2l

a

)
, (5.3)

which is the product of the original Stokes viscosity provided a À l \ and a

\The original Stokes viscosity approaching zero temperature might be measured only if we could

keep increasing the sphere radius a (and the container size) with decreasing temperature to guarantee
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Cunningham correction factor with an empirical coefficient B. In the low-temperature

Knudsen (ballistic) regime, the density of thermal excitations (primarily phonons) is

very small and the mean free path is much larger than the instrument size. The drag

force is caused by the occasional collisions with the rarefied gas of phonons \ and can

be theoretically estimated as [11; 12]

Fballistic = −2π2(kBT )4

45~3c4
πa2vp. (5.4)

Thus the effective viscosity increases with the sphere radius as

ηeff =
π2(kBT )4

135~3c4
a. (5.5)

Poole et al. [5] give an equation of motion for a micron-sized particle, in the case

that the liquid is moving and the particle is acted on by gravity,

(
ρp +

1

2
ρ

)
Vp

dvp

dt
= −6πηa(vp − v̄n) + (ρp − ρ)Vpg

+
3

2
ρsVp

Dsv̄s

Dt
+

3

2
ρnVp

Dnv̄n

Dt
,

(5.6)

where v̄s and v̄n are the background flow velocities in the vicinity of the particle,

Vp = 4
3
πa3 is the particle volume, g = 981 cm s−2 is the gravity constant. The left-

hand side is the inertia of the particle including the added hydrodynamic mass 1
2
ρVp.

The first line of the right-hand side contains the Stokes drag force and the gravity-

buoyancy force. The second line contains the inertial forces from the background

flows, also taking into account the added hydrodynamic masses 1
2
ρsVp and 1

2
ρnVp,

respectively. This equation still assumes that all velocities are small (Stokes’ regime)

and that the liquid is free of vortices.

that a À l always holds. This is of course neither realistic nor useful!

\Assume the sphere is not accelerated to a high speed and induces vortex nucleation, roton

emission, or phonon radiation from the superfluid. Complete different drag forces (dissipation

mechanisms) can occur there.
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If the particle is in liquid that is at rest, the equation of motion reduces to

(
ρp +

1

2
ρ

)
Vp

dvp

dt
= −6πηavp + (ρp − ρ)Vpg. (5.7)

For a particle falling under gravity in a static liquid. The terminal velocity is

v̄p =
2

9

(ρp − ρ)ga2

η
. (5.8)

The characteristic time needed to approach the terminal velocity is

τ =
2

9

(ρp + 1
2
ρ)a2

η
. (5.9)

We are interested in studying the motion of micron-sized particles under sound

disturbances in liquid He-II at 1 to 2 K. A suitable particle radius a lies in the range

of 10 to 20µm. This is because particles in this size range scatter enough light

to make them easily visible, and scatter sound strongly enough so that they can

be manipulated by an acoustic pulse. For an example, let us take a = 15µm.

At T = 1.5K, the viscosity η = 1.35 × 10−5 poise, the total fluid density is

ρ = 0.145 g cm−3, the superfluid density is ρs = 0.889ρ and the normal density is

ρn = 0.111ρ. The roton mean free path l is less than 10−6 cm and so is much less than

a [5; 12]. Hence the hydrodynamic description is valid. If we take a mass density

ρp = 1g cm−3, we get v̄p = 31.1 cm s−1 and τ = 0.032 s. However, the Reynolds

number corresponding to this terminal velocity is Re = 111, which is far beyond the

Stokes regime. Thus Eq. 5.7 is not an adequate description for this situation.

To deal with the large Reynolds number, we follow the work of Jäger et al. [12],

and include a nonlinear turbulent drag force in the right-hand side of Eq. 5.7,

Fturbulent = −1

2
Cdπa2ρ(v2

p − v2
q)Θ(|vp| − vq)evp . (5.10)

They take the turbulent drag coefficient Cd to be 0.4, as in classical liquids in the

limit of large Reynolds number [13], and use a quantum turbulence onset velocity vq

of 4.2 cm s−1 for microspheres [12]. Θ(|vp| − vq) is the Heaviside step function that

· 91 ·



switches on the turbulent drag force only if the magnitude of vp exceeds vq. evp is a

unit vector that denotes the direction of vp. The terminal velocity in a static liquid

is now found from

1

2
Cdπa2ρ(v̄2

p − v2
q) + 6πηav̄p =

4

3
πa3(ρp − ρ)g, (if v̄p > vq), (5.11)

which gives v̄p = 7.81 cm s−1 and corresponds to Re = 30, for the above particle falling

problem. It is not difficult to find an analytical solution for the time dependence

of vp(t) from Eq. 5.7 plus Eq. 5.10. Figure 5.2 shows a plot of the solution. vp(t)

approaches the terminal velocity in a time of the order of 0.01 s.
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Figure 5.2: The velocity of a particle versus time under the gravity-buoyancy force, the

Stokes drag force, and the turbulent drag force.

Let us now consider how a neutrally buoyant particle (ρp = ρ = 0.145 g cm−3)

is slowed down by the Stokes and the turbulent drag forces in a static liquid, if the

particle starts with a high initial velocity by an impulse, for example, vimp = 10 cm s−1.

One can still find analytical solutions for the time dependence of vp(t) and the

displacement sp(t), which are too lengthy to give here. The results are plotted in

Fig. 5.3. The particle is quickly slowed down in a time scale of 0.01 s. The distance it

can travel is only about 0.05 cm. Later, we will utilize calculations like this to analyze

our experimental results.

· 92 ·



0.00 0.01 0.02 0.03 0.04 0.00 0.01 0.02 0.03 0.04

0.05

0.00

0.01

0.02

0.03

0.04

V
el

o
ci

ty
 (

cm
 s
¡

1 )

D
is

p
la

ce
m

en
t 

(c
m

)

Time (s) Time (s)

0.05 0.05

10

0

2

4

6

8

Figure 5.3: The velocity and displacement of a neutrally buoyant particle versus time

under the Stokes drag force and the turbulent drag force.

5.2 Acoustic Radiation Force in Liquid Helium-II

A traveling sound wave carries energy and momentum along its propagating

direction. If an obstacle stands on the sound path, the sound wave will be scattered

away from this obstacle and a portion of its energy and momentum will be transferred

to the obstacle. Under continuous sound exposure, the obstacle feels an acoustic

radiation force \ that pushes it forward [14–17]. This phenomena has been extensively

studied in classical liquids, particularly water at room temperature [19; 20]. We now

perform a similar investigation for liquid He-II at 1 to 2 K and discuss how to make

use of acoustic radiation to manipulate the motion of micron-sized particles.

As already mentioned in Chapter 1, bulk liquid He-II supports two sound modes.

The first-sound mode is the density (and pressure) oscillation at nearly constant

entropy, whereas the second-sound mode is the entropy (and temperature) oscillation

at nearly constant density [8; 9]. In first-sound, the super and normal flows oscillate

\Many people favor the word “acoustic radiation pressure” which may be considered as the

acoustic radiation force per unit geometric cross-section.
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in phase, similar to the classical situation. In second-sound, the two flows oscillate

out of phase; this has no classical analog. An ideal ultrasonic transducer in He-

II should not dissipate any heat when it vibrates and so only generate first-sound.

But in reality, mechanical vibrations always result in heating due to the internal

damping, and induce a certain amount of second-sound at the same time. Below, we

will primarily focus on first-sound and only briefly mention second-sound at the end.

Due to the extremely small viscosities of liquid He-II at 1 to 2K, the first-sound

attenuation at megahertz frequencies is a tiny effect. Let us treat the liquid to be

inviscid and barotropic at a uniform temperature. The following equations, provided

with the equation of state p = p[ρ], are self-contained,

∂tρ +∇ · (ρv) = 0, (5.12)

ρ∂tv + v · ∇v = −∇p. (5.13)

Strictly speaking, ρ and v here should be understood as ρ = ρs +ρn and v = vs = vn.

But since the two fluids always move together in first-sound, the internal separation

does not show up. We expand the equation of state around the equilibrium density ρ0

and pressure p0 in terms of the (dimensionless) deviation parameter η = (ρ− ρ0)/ρ0

up to the quadratic order,

p[ρ] ≈ p0 + Aη +
1

2
Bη2, (5.14)

where

A = ρ0
dp

dρ

∣∣∣∣
ρ=ρ0

= ρ0c
2, B = ρ2

0

d2p

dρ2

∣∣∣∣
ρ=ρ0

. (5.15)

B/A is called the nonlinear parameter of the fluid [17], c is the sound velocity at

ρ = ρ0. For superfluid helium, the nonlinear parameter B/A ≈ 2.7 \.

There has been a great deal of controversy over the correct theory for the acoustic

radiation pressure. Part of the difficulty comes from the fact that the pressure is

\This is calculated for zero temperature and zero pressure from a density functional theory that

reproduces the experimentally measured equation of state [18].
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certainly going to be proportional to the intensity of the sound, i.e., to the square

of the amplitude. One can then ask, for example, whether it is necessary to include

in the theory the effect of the non-linear term in the relation between pressure and

density change. A brief summary of the different theories is included in a paper

by Hasegawa et al. [17]. Here we will use the theory of King [14]. Although his

procedure has received some criticism [15–17], his final result has been supported by

results obtained in several experiments [19; 20].

King considers the force acting on an incompressible sphere of radius a. The

complete solution given by King for all wavelengths is rather complicated [14]. In the

long-wavelength limit λ À a, the radiation pressure (force divided by the geometrical

cross-section) is

Prad ≡ Frad

πa2
= 4(ka)4

{
1 + 2

9
(1− ρ0/ρp)

2

(2 + ρ0/ρp)2

} P2

2ρ0c2
, (ka ¿ 1). (5.16)

where ρp is the density of the particle, and P is the amplitude of the pressure

oscillations for the incident sound wave. This is called the Rayleigh scattering regime

where Prad ∝ (ka)4. The density-factor in the curly brackets is 2
9

for a light sphere

(ρp ¿ ρ0), and is 11
36

for a heavy sphere (ρp À ρ0), and has a minimum in the middle

region. The minimum is when ρp = 0.4ρ0. In the short-wavelength limit λ ¿ a,

Prad =
P2

2ρ0c2
, (ka À 1). (5.17)

This is called the geometric scattering (or ray acoustic) regime where Prad is

independent of the sphere radius or density.

Let us now feed in the helium properties ρ0 = 0.145 g cm−3 and c = 236m s−1

at 1.5K. Suppose we drive our transducer at the frequency f ≈ 1.24MHz and the

surface velocity amplitude V ≈ 100 cm s−1. Then the sound wavelength λ is 190µm

and the pressure swing amplitude P = ρ0cV is 0.342 bar; ρ0c is the characteristic

acoustic impedance of superfluid helium. The calculated acoustic radiation pressure

versus the sphere radius when the particle is neutrally buoyant (ρp = ρ0) is shown in
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Fig. 5.4(a). In Fig. 5.4(b) we plot how the acoustic radiation pressure varies with the

particle density when the radius is fixed to be 15µm. According to our calculation, if

a = 15µm and ρp = ρ0, the acoustic radiation force Frad = 1.01×10−4 dyne. Suppose

we send in a sound pulse of duration w = 200µs long, then an initially static particle

gains a velocity due to the radiation impulse vimp = Fradw/4π
3

ρpa
3 = 9.88 cm s−1.
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Figure 5.4: (a) The acoustic radiation pressure versus the radius of a neutrally buoyant

particle. The solid blue curve corresponds to the general solution for arbitrary radius. The

dotted yellow curve corresponds to the Rayleigh scattering formula which is correct only if

the radius is small. The dotted red curve corresponds to the geometric scattering formula

which is correct only if the radius is large. (b) The acoustic radiation pressure versus the

density of a 15µm radius particle. The curve follows the general solution for arbitrary

radius. A density-induced minimum appears at ρp/ρ0 = 0.44, slightly shifted from its value

0.4 in the long-wavelength limit.

Finally, we briefly discuss second-sound radiation pressure in liquid He-II. In our

experiments there is some energy dissipation inside the sound transducer when it is

driven and it is well known that a heat source in superfluid helium will generate second

sound. Pellam derived the second-sound radiation pressure Prad2 of a temperature
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square pulse onto a thermally non-conducting plane [21],

Prad2 = ρcV

(δT )2

T0

=
ρs

ρn

(ρsδT )2

ρc2
2

. (5.18)

Here δT is the magnitude of temperature oscillation in the second sound wave, T0 is

the ambient temperature, cV is the specific heat at constant volume, s is the entropy

per unit mass, and c2 is the second sound velocity. Presumably, one can extend

Pellam’s theory to consider the force acting on a sphere. However, it is important

to note that in our experiment the transducer will not generate second sound with

a frequency equal to the frequency at which the transducer vibrates. Instead, the

form of the second sound disturbance induced in the normal fluid will be determined

by the rate at which heat escapes from the transducer into the liquid; this rate is

determined by the Kapitza resistance [8]. This heat entering the liquid will result in

a motion of the normal fluid away from the transducer. This motion will give a drag

force on a small particle in the liquid, the magnitude of which can, in principle, be

found from the formula of Poole et al. (Eq. 5.6). However, it is hard for us to estimate

the magnitude of this effect since we do not have a way to know how much energy is

dissipated in the transducer. We return to this issue at the end of the next section.

5.3 Observations of Quantized Vortices

The experiments that we describe here use essentially the same apparatus that

we have used previously to image the motion of single-electron bubbles in liquid

helium [3]. We have a large cell of about 200 cm3 volume with several windows that

can be used to introduce light from different sources or to make observations. The

temperature of the cell can be controlled in the range of 1 to 4K. As for the light

source, we have switched to use a continuous 532 nm laser with 500 mW maximum

power. In most cases, we use continuous illumination, but whenever necessary we

can modulate the beam intensity by a mechanical chopper of 30 to 4000Hz variable
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frequency \. To minimize the heat input into the cell, we set up the light source so

that after passing through the cell the light leaves through an exit window. Images

were recorded using a 5.5 cm lens and a CCD camera of 1388 × 1038 pixel array ].

The lens and camera were positioned at 90◦ to the illuminating beam.

Sound Absorber

Laser Beam

Ultrasonic Transducer

Sound Pulse

Small Particles

Figure 5.5: Experimental setup for imaging micron-sized particle motion.

A lithium niobate transducer with the resonant frequency around 1.24MHz is

placed near the bottom of the cell and generates sound pulses propagating upwards

(see Fig. 5.5). (Only for some special purposes as mentioned below, did we move the

transducer to the top of the cell and send sound pulses downwards.) The transducer

can launch into the liquid a pressure swing of up to approximately 1 bar. A sound

absorber (or scatterer) is mounted in the cell facing the transducer to reduce sound

reflection from the liquid surface or from the top of the cell. We send in a series of

sound pulses each of 100 to 250µs pulse length at 5 to 20 Hz repetition rate. In most

of the experiments we did not introduce any small particles into the cell; the objects

\Photon-Technology-International OC-4000 Optical Chopper.

]Allied-Vision-Technologies Pike 145B camera with Sony ICX285 sensor.
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that we studied were just particles left in the cell when it was sealed. We assume

that these particles were some sort of dust resting on the surface of the transducer.

When a sound pulse was applied, these particles would be driven upwards by acoustic

radiation pressure and possibly also by the motion of the normal fluid resulting from

the heat deposited in the transducer. After they have been propelled upwards the

particles will move under the influence of gravity, the drag exerted by the normal fluid

(possibly still moving to some extent), and by interactions with quantized vortices.

1.45 K 2.00 K(a) (b)

1 mm 1 mm

Figure 5.6: Two images showing the trajectories of particles moving along vortex lines

and are subjected to the sound impulses from the bottom of the cell. The transducer driving

amplitude is 400 V, the pulse length is 200µs, the repetition rate is 10 Hz.

We first discuss the pictures of the type shown in Fig. 5.6. These pictures were

taken with 400V applied to the transducer, a pulse length of 200µs, and a repetition

rate of 10Hz. We interpret the pictures as showing a particle trapped on one or

more quantized vortices. The acoustic radiation force from each sound pulse gives

the particle an impulse in the vertical direction, so the particle suddenly acquires

an upward velocity. The particle is then slowed down by the drag forces due to the

normal fluid, and at the same time pulled back by the tension of the vortex line to

a height close to the starting height. This process is repeated as each sound pulse is
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applied.

It is tempting to interpret the image as that of a particle sliding along a section of

vortex line which runs approximately horizontally across the field of view. However,

it is important to note that the observed motion is the motion of the particle along

the vortex line plus the motion of the line itself. One may ask if instead of being due

to vortices, the rising and falling could simply be due to an upward and downward

motion of the normal fluid component resulting from driving the transducer. But if

that were the case, then we should see that every particle that we observe would go

up and down. However, we find that, in fact, only a small number of particles show

the characteristic kinked trajectories, whereas most others move differently.

We have also performed experiments with the transducer at the top of the cell so

that it sends a sound pulse downwards. Figure 5.7 shows recorded pictures for this

setup. We find that, as expected, the trajectories are almost perfectly mirror-reflected

compared to those in Fig. 5.6.

1.70 K 1.90 K(a) (b)

1 mm 1 mm

Figure 5.7: Two images showing the trajectories of particles moving along vortex lines

and are subjected to the sound impulses from the top of the cell. The transducer driving

amplitude is 400 V, the pulse length is 200µs, the repetition rate is 5 Hz.
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The role of vortices is supported by the image shown in Fig. 5.8. This shows a

particle moving from left to right and subjected to a series of sound pulses. After each

sound pulse the particle moves up and is then pulled back, presumably by a vortex.

When the particle reaches the position indicated by the arrow a sound pulse moves

the particle up but it then moves continuously upwards. It is natural to assume that

the particle moves freely upwards because it has escaped from the vortex.

1.85 K

1 mm

Figure 5.8: An image showing the trajectories of particles moving along vortex lines and

are subjected to the sound impulses from the bottom of the cell. The transducer driving

amplitude is 600 V, the pulse length is 200µs, the repetition rate is 10 Hz.

Despite these observations there are a number of aspects of the experiment that

we still do not understand. The estimation of the typical size of the objects we are

observing is a key issue. There are constraints on the possible size from the following

considerations:

1. Light Scattering. We have compared the strength of the light scattering from the

unknown particles with the scattering from known-sized commercial polystyrene
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microspheres immersed in water. These measurements indicate that the radius

of the objects is 2µm or greater. This is based on the assumption that the

refractive index n of the particle is 1.5. Since the scattering varies approximately

as (n− 1)2/(n + 1)2, if n is smaller the objects would have to be larger.

2. Attachment to a vortex line. We have assumed that the objects seen in Figs. 5.6–

5.8 are prevented from falling because of attachment to one or more vortex lines.

If we assume that only one vortex line is involved, the object size is limited

because there is a maximum weight that a vortex can support. The tension of

a vortex line can be approximated by the expression [4; 22]

T =
κ2

4π
ρ

(
ln

d

a0

+ δ0

)
, (5.19)

where the quantum of circulation is κ = 2π~/mHe = 9.964 × 10−4 cm2 s−1,

a0 ≈ 1 Å, δ0 ≈ 0.378. d is a radial cut-off distance, which is affected by

the presence of other vortex lines and container boundaries; we choose this

to be 1mm. This gives a tension of 1.9 × 10−7 dynes. We do not try to

consider the precise configuration of the vortex in the vicinity of the particle but

clearly a single vortex cannot support a particle of weight greater than 2T , i.e.,

3.8× 10−7 dynes. If we take a typical density of organic material of 1.5 g cm−3,

then the radius cannot be greater than 4µm.

3. Velocity induced by the sound pulse. We can measure the velocity of the particle

immediately after it has been impacted by the sound pulse and compare this

with the velocity expected from the theory of the acoustic radiation pressure.

To do this we performed an experiment in which the illuminating laser beam

was chopped at a frequency of 600Hz, and obtained the image shown in Fig. 5.9.

Note that the scale has been enlarged and the particle move from left to right.

The time interval is 1.67ms between adjacent spots. The initial velocity in

the ascending stage is estimated to be about 15 cm s−1. We estimate that the

pressure amplitude of the sound pulse used for Fig. 5.9 is 1 bar. Then using

King’s theory we find that the radius of the bubble has to be 13µm.
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4. Maximum height reached by the particle. Given an initial velocity vi of

15 cm s−1, we can calculate the distance the particle moves before it reaches its

peak height. Just considering gravity the peak height should be about v2
i /2g =

0.11 cm; this is less than the measured distance of around 0.36 cm. Viscous drag

will reduce the distance and make the disagreement with experiment larger. For

example, a particle of radius 2µm will only travel 0.012 cm, and a particle of

radius 4µm will move less than 0.04 cm.

2.10 K

1 mm

Figure 5.9: An image showing the trajectories of particles moving along vortex lines and

are subjected to the sound impulses from the bottom of the cell. The transducer driving

amplitude is 600 V, the pulse length is 200µs, the repetition rate is 10 Hz. The illuminating

laser beam is chopped at a frequency of 600 Hz.

We see that there is no value of the radius which satisfies all of these constraints.

Constraint 2 could be satisfied by assuming that the density of the particle is close

to the density of helium but there are no materials like this. Constraint 4 cannot be

satisfied by any assumed value of the radius. As far as we can see, the only way to
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satisfy this condition is for the force applied to the object to have a duration much

larger than the length of the sound pulse. The time between laser pulses is 1670µs.

If, for example, the duration of the force was 1500µs (instead of the acoustic pulse

length of 200µs) it would be possible (at least for a suitable value of the magnitude

of the force) to have the particle move up by the experimentally observed distance. A

force of longer time could possibly result from motion of the normal fluid as discussed

in the previous section.

5.4 Observations of Strange Motions

For those dust particles that are heavy in liquid helium, if no driving pulse is

applied to the transducer, we cannot see any of them in the liquid. Once the

transducer is turned on, they can be dragged upwards by normal flows generated

due to the heat dissipation in the transducer. A typical image is shown in Fig. 5.10.

This was taken at 1.37K with continuous illumination from a 30mW helium-neon

laser and a camera exposure time of 1 s. The objects are seen to move through the

cell along an irregular path and with a velocity of the order of 1 cm s−1. Figure 5.11

shows an image taken at 1.34K when the laser was pulsed at 160Hz. Note that the

size of the particles as appearing in the image does not correspond to the true size;

most of the particles are not in sharp focus.

Occasionally, we see spiral objects, i.e., particles going through the liquid as shown

in Fig. 5.12. By way of caution, however, we note that we cannot tell for sure that the

path is a spiral since it could possibly be simply a zigzag motion in a plane normal

to the direction of observation. In this figure the pitch of the spiral is fairly constant

at around 1mm and the vertical component of the velocity is about 2 cm s−1. It is

not clear what causes the spiral motion. At a temperature of around 1.4K where we

have recorded many images, a spiral track is seen in about 1% of the images. We
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1 mm

Figure 5.10: Image taken at 1.37 K with continuous illumination and a 1 second exposure.

1 mm

Figure 5.11: Image taken at 1.34K with illumination pulsed at 160 Hz and 0.5 second

exposure.

have not seen multiple spiral tracks on the same image.

The most curious feature we have seen is the “DNA” structure that appears at

the right-hand side of Fig. 5.13. This picture was taken at 1.52K. We have seen
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1 mm

Figure 5.12: Spiral motion of a particle at 1.34 K. Image was taken with illumination

pulsed at 160 Hz.

1 mm

Figure 5.13: Image of the motion of “DNA” in superfluid helium at 1.52 K. This was

taken using continuous illumination.

only a few of these structures. The structure appears to consist of two objects each

moving on a helix. We know of no theoretical explanation of this. Unfortunately, all

of the “DNA” structures that we have seen so far have been found in images taken
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when there was continuous illumination rather than pulsed. In Fig. 5.14 we show two

enlarged sections of the “DNA”. Figure 5.15 includes two other examples of “DNA”.

In part (a) we show an example in which the “DNA” is twisted tightly over some

part of its length and then appears to turn into two strands that remain together

but run almost parallel for a while and then make one slow twist around each other

(left hand part of the figure). Again, we note that because this image has been taken

with continuous illumination, we cannot be sure in which direction along the recorded

path that the structure is moving. The pitch of the twist is also changing in part (b)

of the figure.

1 mm 1 mm

Figure 5.14: Enlarged view of two sections of the “DNA” structure shown in Fig. 5.13.

Another interesting feature is shown in Fig. 5.16. The image shows parallel tracks

(two sets in this particular case). Above the lambda point we see many such pairs

of parallel tracks and the natural explanation is that these arise from gas bubbles

rising in the normal liquid. The bubbles are produced as a result of the heat entering

the cell from the transducer. The two images appear because light from the laser is

reflected at the bubble surface both on entering and on leaving, i.e., is reflected from

both the front and back of the bubble. Since the incident light is traveling in the

horizontal plane, this results in the camera recording two spots that are separated by

a distance of R
√

2 where R is the radius of the bubble.
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1 mm 1 mm

(a) (b)

Figure 5.15: Two examples of “DNA” structures taken at temperatures of 1.52 K for

both (a) and (b). These images were taken with continuous illumination.

1 mm

Figure 5.16: Image showing double tracks apparently coming from light scattered from

a bubble. The temperature is 1.34 K and the illumination was pulsed at 160 Hz.

This explains the double tracks seen above the lambda point. But the image shown

in Fig. 5.16 was taken with the liquid temperature of 1.34K! At this temperature the

gas in a bubble will condense very quickly, since the heat of condensation will be

carried away by the high thermal conductivity of the liquid. An explanation of the
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image in terms of dust is implausible, as dust is not usually spherical. At the present

time the most likely explanation is that these objects are multi-electron bubbles [23].

The cell contained a β-source which produced electrons at a rate of 108 s−1. These

electrons enter the liquid and move under the influence of the space charge field and

the flow of the normal fluid. It is possible that a layer of electrons accumulates

at the upper surface of the transducer, held there by image forces, but unable to

enter because of a layer of non-conducting material on the transducer surface, such

as grease. If the sound pulse has sufficient amplitude to explode one electron, it will

be able to explode them all, and it seems possible that the resulting bubbles could

coalesce into large bubbles containing many electrons. To be more specific we note

that when an electron bubble explodes under the influence of a 1MHz sound pulse, it

grows to a maximum size of around 8µm. Thus the cross-sectional area of the bubble

is 2×10−6 cm2. Hence, if the number of electrons per unit area is 106 or larger and all

bubbles explode, the expanded bubbles will merge. The bubble for which the track

is shown in Fig. 5.16 has a radius of 20µm, which corresponds to a bubble containing

8× 105 electrons.
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Chapter 6

Simulations on Single-Electron

Bubbles

A single-electron bubble \, whose characteristic radius varies in the range of 12 to

20 Å depending on the ambient pressure [1; 2], is a fascinating nano-object. It has

been used for decades as an ideal probe to detect all kinds of thermal and quantum

properties of superfluid 4He at low temperatures. The combination of a single electron

and macroscopic condensed helium serves as a unique model system for us to study

many fundamental questions on the border between classical and quantum mechanics.

Interesting investigations on this system primarily fall into two categories:

1. The bubble mobility and the dissipation mechanisms of a ground-state (1S)

electron bubble traveling through superfluid helium under various pressure and

electric field conditions.

2. The bubble stability and the relaxation processes of an excited-state (1P, 2P,

\This is as opposed to a multi-electron bubble that typically contains 106 to 108 electrons and

exhibits rather different physics (see Chapter 7).
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etc.) electron bubble triggered optically in superfluid helium under various

pressure conditions.

1S State 1P State 2P State

Figure 6.1: Electron density clouds of the 1S, 1P and 2P states in an infinite spherical

well. Brighter regions have higher densities and darker regions have lower densities.

The quantum indices 1S, 1P, 2P above are borrowed by convention from the

electron eigenstates in an infinite spherical well. As can be seen in Fig. 6.1, the 1S

state is spherically symmetric with no nodes anywhere while the 1P and 2P states have

nodal surfaces where the wavefunctions change signs and the densities drop to zero.

Although more realistically, electron wavefunctions can overlap with liquid helium

density in a finite interfacial layer of several angstroms thickness, these quantum

indices are still valid so long as the cavity keeps its spherical shape. An optical

transition that brings the electron from the ground state to an excited state does

not alter the bubble shape immediately, as liquid helium responds in a much slower

timescale than the transition timescale. This is basically the Franck-Condon principle

[3]. Once the bubble is dragged to move by an electric field or is free to evolve after

the optical transition, it will change its shape based on liquid helium hydrodynamics.

The electron instantaneous eigenstates will evolve adiabatically out of the initial

eigenstates, but may still be denoted by 1S, 1P, 2P, etc. without ambiguity, unless

an incidental level crossing arises.

The dissipation mechanisms of a moving 1S electron bubble in superfluid 4He have

attracted considerable research for many years [4–12]. Above 1K, the moving bubble
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experiences a drag force from collisions with thermally excited phonons and rotons

[4]. Below 1K, this drag force becomes very small, and even a weak electric field

can accelerate the bubble to a high speed until some new dissipation mechanisms

set in. In the high pressure regime, roton emission dominates the dissipation owing

to the relatively low Landau velocity vL and the high vortex-ring nucleation critical

velocity vc [5; 6]. In the low pressure regime, vortex-ring nucleation plays the key

role. A vortex ring can attach to the bubble to form a ring-bubble complex if the

electric field is not overly strong; otherwise, successive vortex rings can be shed away

from the bubble surface [7–9]. According to our dynamic simulation presented below

for a high-speed moving electron bubble in pure superfluid 4He under low pressures

and strong electric fields, successive vortex-ring shedding can indeed be observed.

However, we find that although vortex nucleation does trigger the dissipation, the

major part of energy loss may come from its induced phonon radiation via surface

vibration, rather than purely the shed-away vortex rings.

For a static electron bubble, optical absorption spectroscopy provides the most

stringent way to probe the bubble structure and energetics. Since the electron

wavefunction changes before the helium configuration can change, the absorbed

photon energy (in the ∼ 0.1 eV infrared zone) can give information about the

electronic states and the bubble size. Measurements have been made for the 1S → 1P

and 1S → 2P transitions versus pressure variations [13–15]. Careful calculations of

the photon energies for these transitions have been performed by Grau et al. [16] using

a static density functional approach. The line shape has been calculated by Guo and

Maris [17]. The theory and experiment are in excellent agreement. A more interesting

question is how an excited-state electron bubble dynamically evolves after the optical

transition. While there has been no experiment done so far to reliably trace this

evolution \, we try to provide some insight on this problem by performing a dynamical

simulation presented below. Our results show that at nearly zero temperature when

\A femtosecond time-resolved absorption spectroscopy can in principle do this.
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thermal damping is negligible, an 1P bubble at zero pressure may reach a stable

peanut shape after oscillatory stretching, whereas at a pressure p & 2 bar will undergo

fission into two smaller bubbles.

To theoretically simulate the above problems, the best tool is time-dependent

density functional theory. It requires less computer time than more rigorous methods

such as quantum Monte Carlo (QMC), but can reproduce more accurate helium

properties than can the even more efficient Gross-Pitaevskii equation (GPE) [18–

20]. By careful choice of our density functional model, the simulated results can be

quantitatively compared with experiments.

6.1 Semi-local Density Functional Formalism

Our theoretical investigation employs a zero-temperature semi-local density

functional (SLDF). A more complex nonlocal density functional (NLDF) may give

more accurate results but usually takes much longer computer time in dynamic

simulations [21–23]. The system free energy density G in our model consists of the

helium part, the electron part, and the helium-electron interaction part,

G = GHe + Ge + GHe-e. (6.1)

The helium part GHe takes the form of

GHe =
~2

2mHe

|∇ψ|2 − µ% +
1

2
g2%

2 +
1

3
g3%

3 +
1

4
g4%

4

+
1

2
h2|∇%|2 +

1

3
h3%|∇%|2 +

1

4
h4%

2|∇%|2,
(6.2)

where ψ is the macroscopic helium wavefunction and % ≡ |ψ|2 is the local helium

number density. The electron part Ge takes the form of

Ge =
~2

2me

|∇φ|2 − eE z|φ|2, (6.3)
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where φ is the single electron wavefunction. The |∇ψ|2 and |∇φ|2 terms above give

the helium and electron kinetic energy densities \, with mHe and me being the helium

and electron masses, respectively. µ is the helium chemical potential controlled by a

given pressure p, which fixes the helium number density ρ in bulk. E is a possible

electric field applied, which can drive the electron to move along z-direction. g2, g3, g4

and h2, h3, h4 are all fitting parameters to be explained below. The helium-electron

interaction part GHe-e takes the form of a contact collision

GHe-e = f1|ψ|2|φ|2, (6.4)

in which f1 is a fitting parameter chosen so as to produce a 1 Å scattering length

and hence a 1.0456 eV potential barrier for an electron to tunnel into homogeneous

helium at zero temperature and zero pressure [1; 2].

The polynomial function of % in the first line of Eq. 6.2 is the helium-helium

interaction energy density in the form of two-particle, three-particle and four-particle

contact collisions. In the homogeneous case, it gives the helium internal energy density

ε[ρ] =
1

2
g2ρ

2 +
1

3
g3ρ

3 +
1

4
g4ρ

4, (6.5)

from which one can derive the equation of state

p[ρ] =
1

2
g2ρ

2 +
2

3
g3ρ

3 +
3

4
g4ρ

4, (6.6)

the chemical potential

µ[ρ] = g2ρ + g3ρ
2 + g4ρ

3, (6.7)

and the sound velocity

c[ρ] =
√

(g2ρ + 2g3ρ2 + 3g4ρ3) /mHe. (6.8)

\For superfluid helium, this is the macroscopic kinetic energy density due to the superflow and

the density inhomogeneity (quantum pressure).
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By choosing g2, g3 and g4 according to the well-known Orsay-Trento density functional

[21], the experimentally measured above quantities at zero temperature can be very

well produced.

The mixture polynomial function of % and |∇%|2 in the second line of Eq. 6.2

contains our introduced semi-local interactions also up to four-particle collisions.

They are the lowest-order gradient-expansion corrections to the local interactions

and are essential for incorporating the helium surface tension σ into our theory,

σ[ρ] =

∫ ρ

0

d% b[%]

√
~2

8mHe%

2(ε[%]− ε[ρ])− (µ[ρ] + ε[ρ]/ρ)(%− ρ)√
(ε[%]− ε[ρ])− µ[ρ](%− ρ)

, (6.9)

where the dimensionless function b is given by

b[ρ] =

√
1 +

8mHeρ

~2

(
1

2
h2 +

1

3
h3ρ +

1

4
h4ρ2

)
. (6.10)

By choosing h2, h3 and h4 appropriately, the experimentally measured surface tension

at zero temperature and zero pressure can be produced. In addition, Eq. 6.9 is a

generalized formula to hold not only at zero pressure when the liquid is in equilibrium

with vacuum, but also at a positive pressure, when the liquid is in contact with an

impenetrable wall. In both situations, the liquid density drops from its bulk value ρ

to 0 within a thin interfacial layer. σ[ρ] measures the energy change per unit surface

area due to this density bending, in comparison with the internal energy per unit area

held by the same number of particles in bulk [24; 25]. Such a generalized definition

on the surface tension turns out to be useful for the electron bubble problem, where

the bubble boundary pushes away the liquid basically like an impenetrable wall, and

so gives rise to a nontrivial surface energy under any finite pressures [2].

Table 6.1 lists all the chosen fitting parameters of our SLDF. Figure 6.2(a) shows

the equation of state. At p = 0 bar, ρ0 = 0.021836 Å−3, µ0 = −7.1500K, and

c0 = 237.70m s−1. Figure 6.2(b) shows the surface tension versus pressure. At

p = 0bar, σ0 = 0.37554 erg cm−2 with a calculated 5.8 Å surface thickness (defined by

10%–90% helium density) consistent with experiments and other theories [21; 24; 26].
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Table 6.1: The chosen fitting parameters of our semi-local density functional.

Parameter Value Unit

f1 5.55671× 105 K Å3

g2 −7.18990× 102 K Å3

g3 −3.61779× 104 K Å6

g4 2.47799× 106 K Å9

h2 1.16950× 104 K Å5

h3 −1.35048× 106 K Å8

h4 3.46549× 107 K Å11

The excitation spectrum in our theory can be found to be of the Bogoliubov type

~2ω2 = c2[ρ]~2k2 + b2[ρ]

(
~2k2

2mHe

)2

, (6.11)

where the pressure dependence is contained in the sound velocity c[ρ] from the local

interactions, and the dimensionless function b[ρ] from the semi-local interactions.

Compared with the local GPE, our SLDF can indeed produce more realistic helium

bulk and surface properties, and at the same time maintain computational efficiency.

However, it still cannot incorporate the backflow effect and roton excitation unless

some nonlocal interactions are introduced as was done in [20; 21]. Figure 6.2(c) shows

the excitation spectrum under three typical pressures: the spinodal pressure −9.5 bar,

the saturation pressure 0 bar, and the melting pressure 25 bar. The primary reason

for employing three semi-local parameters, h2, h3 and h4, in our SLDF instead of a

single one, as was done in the well-known Stringari-Treiner density functional [24], is

to remove some pathological behavior of the excitation spectrum. A single semi-local

parameter being used to fit the surface tension at zero pressure will result in too

large of a b[ρ] and hence unrealistically high excitation energies even at just moderate

momenta [25]. This will make the liquid overly rigid against density fluctuations and

may bring on artifacts in dynamic simulations.
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Figure 6.2: The helium properties of our semi-local density functional. (a) The equation

of state. (b) The surface tension versus pressure. (c) The excitation spectrum under the

spinodal pressure −9.5 bar, the saturation pressure 0 bar, and the melting pressure 25 bar.

(d) The vortex-line energy per unit length versus pressure with a 20 Å cutoff radial distance.
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We can also find in our theory the energy per unit length of a rectilinear vortex

line, by calculating the radial number density distribution %(r) under a given pressure,

Eline

L
=

∫
2πr dr

(
~2

2mHer2
% + p− µ% +

1

2
g2%

2 +
1

3
g3%

3 +
1

4
g4%

4

+
~2

8mHe%
%′2 +

1

2
h2%

′2 +
1

3
h3%%′2 +

1

4
h4%

2%′2
)

,

(6.12)

where % drops from its bulk value ρ to 0 as r → 0, and %′ ≡ d%/ dr. The first term

in the first line contributes to the external kinetic energy per unit length Kline/L

due to one unit of quantum circulation. The other terms contribute to the internal

energy per unit length Uline/L due to the density bending and interactions [27]. The

critical negative pressure for the free expansion of a vortex core is found to be close

to −7 bar. Figure 6.2(d) shows the vortex-line energy per unit length versus pressure

with a d = 20 Å cutoff radial distance. At p = 0 bar, we find Kline/L = 2.94K Å−1

and Uline/L = 1.57K Å−1. By a standard fitting with the hollow-core model [11],

Kline

L
=

π~2

mHe

ρ0 ln
d

a
,

Uline

L
=

π~2

mHe

ρ0δ,

(6.13)

we can get the characteristic core size a = 0.581 Å and the core energy parameter

δ = 1.893, which imply a rather rigid core in our theory.

Figure 6.3 shows the calculated radial number density profiles of helium |ψ(r)|2/ρ0

and an electron |φ(r)|2/η◦ for a spherical static electron bubble under various

pressures. Here η◦ ≡ π/2R3
◦ with R◦ ≡ 20 Å being merely a reference radius. The

static bubble radius Rb (defined at 50% helium density) can be found to be 18.52 Å

at p = 0bar and reduced down to 13.50 Å at p = 10bar, consistent with experiments

and other theories [1; 2]. Normally, we choose these ground states as the initial states

to start our time evolution.

By taking the functional derivatives of the SLDF,

i~∂tψ =
δG[ψ, φ]

δψ∗
, i~∂tφ =

δG[ψ, φ]

δφ∗
, (6.14)
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Figure 6.3: The radial number density profiles of helium and electron for a spherical

static electron bubble under various pressures. The color plot on the right is for p = 0 bar

only, in which the central region shows the electron density and the surrounding region

shows the helium density. The two regions overlap within an interfacial layer.

we can get the coupled equations of motion for the macroscopic helium wavefunction

ψ and the single electron wavefunction φ,

ψ̇ = − i

~

[
− ~2

2mHe

∇2 − µ + f1|φ|2 + g2|ψ|2 + g3|ψ|4 + g4|ψ|6

−
(

1

3
h3 +

1

2
h4|ψ|2

) (∇|ψ|2 · ∇|ψ|2)

−
(

h2 +
2

3
h3|ψ|2 +

1

2
h4|ψ|4

)
∇2|ψ|2

]
ψ,

φ̇ = − i

~

[
− ~2

2me

∇2 − eE z + f1|ψ|2
]

φ.

(6.15)

In all of the problems that we will consider, we use the fourth-order finite-

difference method in space and the fourth-order Runge-Kutta method in time to

do the numerical integration. To avoid the outgoing sound waves from the central

region being reflected from the boundary of the simulation region, we set a space-

dependent damping coefficient by replacing i with ζ(s) + i in the helium equation of
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motion, where

ζ(s) =
ζ̄

2

[
1 + tanh

(
s− s̄

w̄

)]
, (s ≡

√
r2 + z2). (6.16)

We simply choose s̄ = 80 Å, w̄ = 1.0 Å, and ζ̄ = 0.5. The sound waves can travel

freely through the undamped region (s < s̄) but are quickly attenuated in the damped

region (s > s̄). Physically, this looks as if there is a strong energy sink surrounding

the system.

6.2 High-Speed Motion and Vortex Nucleation

An electron bubble moving through superfluid helium can lose energy by two well-

studied mechanisms. In the first mechanism, phonons and rotons will scatter off the

bubble giving a drag force. This effect is only present at nonzero temperatures. The

second mechanism occurs when the velocity of the electron bubble exceeds the Landau

velocity vL, which is 58 m s−1 at zero pressure and decreases with increasing pressure.

When the velocity exceeds vL, the moving bubble can lose energy by spontaneous

emission of rotons. The experimental study of these dissipative effects is complicated

by vortex nucleation and trapping at relatively low pressures p . 10 bar. Above a

critical velocity vc (vc < vL in this pressure range), a moving bubble will nucleate

a vortex ring and become trapped on it. The bubble then moves with the vortex

ring and has a very low velocity [7]. However, if the electric field that is driving

the motion of the bubble is sufficiently large (E & 1MVm−1), the bubble does not

become trapped and can continue to move with a high velocity. Nancolas et al. [9]

have made measurements in this regime and have proposed that the bubble generates

a sequence of vortex rings but does not become trapped on these rings. As a first

project, we have performed a dynamic simulation to investigate this in the pressure

range p = 0 to 10 bar and under the influence of an electric field in the range E = 1

to 30MVm−1.
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As is well-known, there are two classic models on the formation of a ring-bubble

complex [10–12]. One is the encircling-ring (quantum transition) model, in which a

full ring axisymmetrically appears on the bubble equator first, then moves sideways

and captures the bubble on its core. The other one is the pinned-ring (peeling) model,

in which a small proto-ring first appears non-axisymmetrically on the bubble equator,

then grows while retaining the bubble on its core. Experimental evidence suggests

that the encircling-ring model gives a better description at lower temperatures in

isotopically purified 4He, whereas the pinned-ring model gives a better description

at higher temperatures in natural 4He, in the presence of thermal rotons or 3He

impurities [6–8]. Since our simulation will be for pure 4He at zero temperature under

strong electric field, the axisymmetric vortex-ring nucleation in the encircling-ring

model is more likely to occur and the ring-bubble trapping is unlikely to happen. We

can therefore reduce the original three-dimensional problem into two-dimensional by

taking cylindrical symmetry with the transverse coordinate r and the longitudinal

coordinate z. This simplification makes the numerical integration up to nanosecond

timescale computationally practical.

Our computation grid in the r-z plane has dimension 500×1000 with a space step

of 0.2 Å. Thus, the simulation is for a physical space of 200 Å in diameter and 200 Å in

length. We let the computation grid move along to keep the electron in the center. We

performed systematic numerical tests to ensure that 0.2 Å spatial resolution provides

enough precision for our problem, even when the vortex core structure is involved.

Due to the big difference between the helium and electron intrinsic timescales of

the order of mHe/me ∼ 7300, we adopted the adiabatic approximation. For every

instantaneous helium configuration, we first find the electron ground state by evolving

the electron with 50 imaginary time steps of 0.001 fs, then develop helium with 1 real

time step of 0.001 ps. For every single run with a specified pressure and electric field,

8-core parallel computation at 2.83GHz was performed. Multiple runs with different

pressures and electric fields were conducted simultaneously on our computing cluster
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which possesses hundreds of cores. Typically, it took about one month to reach 10 ns

physical time.

Figure 6.4 shows the snapshots of the helium number density profile %(r, z; t)/ρ0

around the moving electron bubble at a sequence of times under p = 0bar and

E = 10 MVm−1. The instantaneous velocity v at each time is approximated by

linearly fitting the displacement of the electron wavefunction-maximum over a 20 ps

time interval. At t = 0ps, the bubble is in its spherical ground state of radius

Rb = 18.52 Å, and the driving field is then switched on. The initial acceleration of

the bubble has the value that is expected based on the applied force eE and the

hydrodynamic mass 2
3
πR3

bmHeρ0. At t = 40ps, v is already as high as 30.6 m s−1,

whereas the bubble shape is only slightly squeezed and the liquid in front is slightly

compressed. As the bubble velocity increases further, its volume keeps expanding

and its shape keeps deforming into an oblate spheroid due to the negative pressure

on the bubble waist caused by the Bernoulli effect [28]. The acceleration decreases

remarkably because of the increase in the effective mass so that v approaches an

almost constant value about 50.6m s−1 and the flow pattern exhibits quite well fore-

and-aft symmetry as shown at t = 450 ps.

After this stage, a narrow edge girdling the bubble waist gradually sticks out

signifying the approach to vortex-ring nucleation. This adds a considerable inertia

to the bubble motion, making v decrease to 44.9m s−1 at t = 850 ps, when the

bubble attains its largest equatorial radius of about 44 Å and its sharpest edge

radius of curvature about 4 Å. Before this point there is no dissipation, since the

electric work mainly goes into increasing the fluid kinetic energy. But after this

point the liquid density starts to fluctuate accompanied by some phonon generation,

presumably because the local flow near the bubble waist becomes supersonic [18; 19].

At t = 950 ps, a vortex ring of radius Rring ≈ 36 Å detaches from the bubble surface, at

which point v is 43.8 m s−1. This also gives an estimate to the vortex-ring nucleation
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Figure 6.4: The snapshots of the helium number density profile around the moving

electron bubble at a sequence of times under zero pressure and 10 MV m−1 electric field.

The bubble travels from left to right along z-direction (the longitudinal direction). Each

image corresponds to a physical size of 100 Å × 100 Å and is reflected up and down in

r-direction (the transverse direction) justified by the imposed cylindrical symmetry. The

instantaneous velocity is given for each time. The open and solid arrows indicate the

movements of vortex ring and solitary ripplon relative to the bubble, respectively.
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critical velocity vc ≈ 44m s−1 at zero pressure from our simulation. The velocity

then decreases due to the attraction from the vortex ring. The phonon generation

appears more intense, particularly peaked at a wavelength of the order of 10 Å. The

unexpected large ring radius, almost twice as big as the static bubble radius, is a

unique observation of our dynamic SLDF simulation.

The created vortex ring then falls behind, leaving a drastic surface vibration

and velocity oscillation of the bubble in the next few hundreds of picoseconds. At

t = 970 ps, an annular surface protrusion like a solitary ripplon is formed and slides

backwards, while v is decreased down to 31.5m s−1. This solitary ripplon then shrinks

on the bubble tail at t = 990 ps, and radiates sound (phonons) backwards into the

liquid as shown at t = 1030 ps. This provides a strong forward impulse to speed up the

bubble so that v can even overshoot to 60.5 m s−1 at t = 1070 ps. During this time,

the solitary ripplon surviving from the last collision bounces back and propagates

forwards. Around t = 1080 to 1090 ps, it shrinks on the bubble head and deposits

a sound pulse forward into the liquid. This provides a strong backward impulse

decelerating the bubble velocity to as low as 27.7m s−1 at t = 1170 ps. Afterwards,

surface vibration and phonon radiation continue, while the bubble velocity oscillates

and increases until a second vortex ring nucleates. Then all the process repeats.

Figure 6.5 shows the time evolution of the bubble volume Vb(t) corresponding

to Fig. 6.4 for times out to 5 ns. The quantity plotted is Vb(t)/(
4
3
πR3

b), where

Rb = 18.52 Å is the spherical static bubble volume at t = 0ps. As can be seen,

before the dissipation process arises at t ≈ 850 ps, Vb(t) keeps growing to about 3.6

times the static volume. After that, Vb(t) oscillates violently between 2 and 4 (average

about 3) times the static volume. As can be expected, the velocity is a minimum

when the volume is a maximum. The dotted lines mark the moments of the vortex-

ring shedding events. During the time range t = 800 to 5000 ps, there are six such

events. The events are not perfectly periodic. The average time interval between two
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successive events is τ ≈ 700 ps. Each time when a ring leaves the bubble, there follows

a large volume change immediately and perhaps a series of small volume changes later

on. This can be related to the complex surface motion displayed in Fig. 6.4.
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Figure 6.5: The time evolution of the moving electron bubble volume under zero pressure

and 10 MV m−1 electric field. The dotted lines mark the moments of the vortex-ring

shedding events.

It is interesting to investigate how the energy given to the bubble by the applied

field is actually taken away from the system. The energy associated with a large

single vortex ring at zero pressure can be estimated from [11]

Ering =
π~2

mHe

ρ02πRring

(
ln

8Rring

a
− 2 + δ

)
. (6.17)

Based on our preceding calculation about the vortex properties in our density

functional, when Rring ≈ 36 Å as shown in Fig. 6.4, we have Ering ≈ 1147K. As a

result, the average rate of energy loss to the vortex rings is Ering/τ ≈ 1147 K / 700 ps =

2.3 × 10−11 W. On the other hand, the average rate of energy input to the system

from the electric work is eE v̄ ≈ 10 MeV m−1 × 48 m s−1 = 7.7 × 10−11 W, where v̄

is our calculated drift velocity by linearly fitting the position of the maximum of
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the electron wavefunction over a time interval of 2 ns after the bubble motion has

become strongly dissipative. Thus, the released vortex rings only take away about

30% of the total input energy. The remaining energy loss has to be attributed to

the phonon radiation through the surface vibration primarily occurring in the time

interval between successive vortex-ring shedding events.
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Figure 6.6: The drift velocity versus pressure under 2.6, 10, 20, 30 MV m−1 electric fields

from our simulation in comparison with the low pressure part of experiment by Nancolas

et al. at 0.3 K under 2.6MV m−1. The dashed curve gives the Landau velocity for roton

emission. The dashed-dotted curve gives the theoretically estimated drift velocity for roton

emission under 2.6 MV m−1 electric field [9].

Figure 6.6 shows our results of drift velocity v̄ versus pressure for fields of E = 2.6,

10, 20, 30MVm−1 in comparison with the low pressure part of experiment by

Nancolas et al. [9]. According to Nancolas et al., their experimentally measured v̄

shows a significant deviation from the theoretically estimated v̄ for roton emission in

the low pressure range, which they believe is due to successive vortex ring nucleations.
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Our work supports this general scenario especially for p . 3 bar, where the simulation

and experimental results are in rough agreement with each other. For p & 3 bar, our

simulation only exhibits a qualitative tendency in terms of the increasing v̄ with

increasing p commonly understood as the inverse proportionality of vc with respect

to the bubble size [10–12; 18]. Although the agreement between the simulation and

experiment is reasonable, there are a number of open questions. As already noted, our

calculation assumes that the displacement of the liquid has axial symmetry and we

cannot be sure that this assumption is correct. The simulation also does not allow for

the emission of rotons from the bubble. Further, it is important to note that emission

of rotons may be substantially modified by the vibration of the bubble surface. Even

if the bubble had zero translational velocity but the surface was vibrating, rotons

could still be emitted.

6.3 Optical Transitions and Bubble Fission

The wavefunction of the electron is determined by the shape of the bubble in the

helium, and at the same time, the shape of the bubble in helium is controlled by

the force exerted by the electron wavefunction. Consider this first using a simplified

theory in which the bubble wall is taken as an infinite barrier to the electron, and has

zero thickness, and the energy of the wall is just the area times the surface tension.

An electron inside a cavity with hard walls exerts a pressure on the wall given by

pe =

(
~2

2me

|∇φ|2
)∣∣∣∣

wall

, (6.18)

where the gradient is evaluated at the wall. Hence, for a bubble of arbitrary shape

the surface will be in equilibrium when

pe = p + σκ, (6.19)

where p is the bulk pressure from liquid helium, σ is the surface tension of liquid

helium, and κ is the sum of the principal curvatures of the surface. If the electron is

· 129 ·



in the ground state, the wavefunction has spherical symmetry, and Eq. 6.19 leads to

the same value for the bubble radius Rb found in Chapter 1.

If light is absorbed by the electron causing it to make a transition to an excited

state, the wavefunction will change, and one can see from Eq. 6.19 that the bubble

must change its size and shape. One can calculate the equilibrium shapes for different

quantum states under various pressures using the above force balance condition. As

an example, the shapes of the 1P electron bubble under p = 0, 5, and 10 bar are shown

in Fig. 6.7 [29]. A characteristic feature of the 1P bubble is that the bubble is narrow

at the waist. This is because the wavefunction is zero over all of the z = 0 plane and

so the value of |∇φ|2 is zero. Therefore, when the pressure is zero, the sum of the

principal curvatures in this plane must be zero. One of these curvatures is simply the

reciprocal of the radius of the waist of the bubble, i.e., the radius in the plane, and so

the other curvature has to be the negative of this. As the pressure is increased, the

waist of the bubble shrinks, and by the time the pressure reaches 10 bar the radius of

the waist is just a few angstroms. The sharp-wall approximation is clearly inadequate

for a calculation of the bubble shape in this regime, and it is clearly necessary to use

a more accurate approach, such as the density functional method.

0 bar 5 bar 10 bar

Figure 6.7: The calculated equilibrium shapes of an 1P electron bubble under 0, 5, and

10 bar by H. J. Maris [29]. The overall sizes are not in scale.

We have used the SLDF to perform a simulation of the evolution of an electron
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bubble after excitation to the 1P state. We have done this in the pressure range

p = 0 to 5 bar with the electric field E turned off. The same system has also been

investigated by Mateo et al. using the more accurate nonlocal Orsay-Trento density

functional [23]. A detailed comparison between the two approaches can be seen in

Ref. [30]. We assume cylindrical symmetry in our simulation. The computation grid

in the r-z plane is 200× 400 with the space step of 0.5 Å, and so the physical space

is 200 Å in diameter and 200 Å in length. An absorbing layer is installed surrounding

the grid boundary (see Eq. 6.16). The whole numerical recipe has been attested to

give both enough precision and high efficiency.

As we have mentioned earlier, according to the Franck-Condon principle [3], one

should consider that when light is absorbed by the bubble, the electron wavefunction

changes before there is any change in the helium profile. After the electron

wavefunction has changed, there will be an imbalance in the force acting on the

bubble surface, and the deformation will begin. Therefore, to simulate the stage

of optical excitation, we first find the 1S ground-state configuration by imaginary-

time evolution for both the electron and the helium at a given pressure, then we

fix the helium configuration as an external potential to the electron, and evolve the

electron in imaginary time to find the lowest odd-parity eigenstate. This state is the

1P excited state. Next, we take this abruptly constructed 1P excited state as our

starting point to simulate the stage of bubble deformation adopting the adiabatic

approximation. We repeatedly evolve the electron with 50 imaginary-time steps of

0.001 fs imposing odd parity condition and evolve the helium with a single real-time

step of 0.001 ps. Normally, we only need to evolve the system up to 200 ps physical

time while interesting physics often happens within the initial 50 ps. For every given

pressure, one such run takes about three days with 8-core parallel computation at

2.83GHz.

As one can imagine, when the bubble surface starts to move, the motion may
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be damped by the radiation of sound away from the moving surface and also by

the scattering of thermal excitations that collide with the surface. If these damping

mechanisms are sufficiently strong, the bubble will smoothly relax to the equilibrium

shape as shown in Fig. 6.7, where the condition Eq. 6.19 can be established at all points

on the surface in the sharp-wall approximation. If on the other hand the damping

is small, the bubble will overshoot the equilibrium configuration. Our simulation is

for zero-temperature pure superfluid 4He and so no thermal excitations preexist in

the liquid. It turns out that the damping is fairly small in such a system, allowing

attractive dynamical behaviors to show up [23].

0 ps 10 ps 20 ps 30 ps

50 ps 70 ps 80 ps 90 ps

Figure 6.8: The snapshots of the helium number density profile surrounding an electron

bubble at a sequence of times under 0 bar pressure. The electron is excited from the 1S

ground state to the 1P excited state at time zero. Each image corresponds to a physical

size of 100 Å × 100 Å and is reflected up and down in r-direction (the transverse direction)

justified by the imposed cylindrical symmetry.

Figures 6.8 and 6.9 display snapshots of the helium number density profile at a

series of times at zero and 5 bar pressures, respectively. At p = 0bar, the bubble goes

past the equilibrium shape but then relaxes back towards it and will end up with this

shape. At p = 5bar, the bubble continues past the equilibrium shape while the waist
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shrinks to zero, and eventually splits into two smaller bubbles moving away from each

other with half of the electron wavefunction confined in each. During these relaxation

and fission processes, a lot of phonons are radiated away from the central region. The

accurate critical pressure pf , above which the bubble fission occurs, is not easy to be

located due to the large computational cost needed. But our known results indicate

a value between 1 and 3 bar.

0 ps 10 ps 20 ps 30 ps

35 ps 40 ps 45 ps 50 ps

Figure 6.9: The snapshots of the helium number density profile surrounding an electron

bubble at a sequence of times under 5 bar pressure. The electron is excited from the 1S

ground state to the 1P excited state at time zero. Each image corresponds to a physical

size of 100 Å × 100 Å and is reflected up and down in r-direction (the transverse direction)

justified by the imposed cylindrical symmetry.

It has been argued by Rae and Vinen [31] and by Jackiw et al. [32] that

immediately after the bubble splits into two smaller bubbles all of the electron

wavefunction will be in one of them, and that consequently the other will immediately

collapse. However, a major weakness of their arguments is that they are unable to

say what they mean by “immediately”. If there is indeed a collapse, the motion of

the liquid after the collapse is dependent on the time at which collapse occurs. As

an example, in Fig. 6.10, we show what happens if at the time t = 30 ps we abruptly
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make the wavefunction in the left-hand bubble zero and increase the wavefunction

in the right-hand bubble so that the total electron number is back to unity. After

this imposed quantum disturbance, the left-hand bubble collapses and while so doing

accelerates away to the left. The typical timescale is 20 ps. The collapse induced

phonon cloud scatters onto the right-hand bubble and push it to the right. The

right-hand bubble will keep expanding back to the normal size of an 1S ground-state

electron bubble.

0 ps 10 ps 20 ps 30 ps

35 ps 40 ps 45 ps 50 ps

Figure 6.10: The snapshots of the helium number density profile surrounding an electron

bubble at a sequence of times under 5 bar pressure. The electron is excited from the 1S

ground state to the 1P excited state at time zero. The evolution is intervened at 30 ps by

abruptly changing the wavefunction in the left-hand bubble to zero and normalizing the

wavefunction in the right-hand bubble to unity. Each image corresponds to a physical size

of 100 Å × 100 Å and is reflected up and down in r-direction (the transverse direction)

justified by the imposed cylindrical symmetry.

Experiments to investigate the bubble dynamics at finite temperatures have been

performed using the ultrasonic technique [33]. The 1P bubbles explode at a different

critical pressure (pc = −1.63 bar) from the 1S bubbles (pc = −1.89 bar). This makes

it possible to perform experiments in which the number densities of 1S and 1P
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bubbles are determined. These experiments show that above a critical temperature

of around 1.5 K, 1P bubbles are produced when the liquid is illuminated with light

of the appropriate wavelength to excite the 1S → 1P transition. This corresponds to

the situation in which the damping is sufficiently large that the bubbles relax to the

equilibrium 1P shape and do not reach the fission point. When the temperature

is lowered and the pressure is above about 1 bar, the experiments show that no

1P bubbles are produced. This could be because fission has occurred. However,

as developed so far, the experiments cannot determine what has happened to the

bubbles after fission.
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Chapter 7

Simulations on Multi-Electron

Bubbles

Multi-electron bubbles in liquid helium were first observed by Volodin et al. [1]. In

their experiment, a layer of electrons was held in place just above the free surface of a

bath of liquid helium by an electric field. The field was produced by a positive voltage

applied to an electrode immersed in the liquid. The electrons remained outside the

helium, because for an electron to enter liquid helium it has to overcome a potential

barrier of height approximately 1 eV [2]. When the field reached a critical value, the

surface of the liquid became unstable and a large number of electrons entered into the

liquid through the formation of bubbles. Each of these bubbles typically contained

106 to 108 electrons strongly localized at the inner surface of the bubble due to the

Coulomb repulsion. Figure 7.1 schematically illustrates this process. Multi-electron

bubbles are of interest because they could possibly provide a way to study a number

of properties of an electron gas on a curved surface [3].

As a first approximation, one can consider that the radius of a spherical multi-

electron bubble (MEB) is such as to minimize the sum of the energy associated with
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Figure 7.1: Production of multi-electron bubbles.

the Coulomb repulsion of the electrons and the surface energy of the bubble. This

gives an equilibrium radius of

Rb =

(
Z2e2

16πσε

) 1
3

, (7.1)

where Z is the number of electrons, σ is the surface tension of helium (0.36 erg cm−2

at 1.3 K) [4], ε is the dielectric constant (1.0573 at low temperatures). As the bubble

being formed, helium vapor is wrapped into the bubble (see Fig. 7.1); thus under the

natural condition, there should be no thermodynamic pressure imbalance between

the inside and the outside of the bubble unless an additional pressure p is applied

from the outside. For the moment, we have taken p to be zero. Thus, for example,

for Z = 107 the MEB radius is 106µm.

So far, there have been a very limited number of experimental studies of these

bubbles [1; 5–7]. Below, we will first consider the stability of an MEB that is

stationary in the liquid. We find that, at least when the simplest model of the

energy of the electron system is used, the bubble is unstable against fission whenever

the applied pressure is positive. We then investigate how the stability of a bubble is

changed when it is moving through the liquid. We have been able to determine the

region in the pressure-velocity plane where the bubble is stable.

Our study allows for finite-magnitude deformation of the bubble surface.
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Conventional finite difference method (FDM) barely works when the shape of the

object is highly irregular or keeps changing. The best tool to overcome this difficulty

is the finite element method (FEM), by which one can systematically discretize

an arbitrary surface domain and computes the physical quantities at a controllable

accuracy [8]. We now give a brief introduction to this method associated with our

problem.

7.1 Finite Element Method

To be specific, let us consider a classic problem in electrodynamics. Suppose we

have a closed metal shell Σ of an arbitrary shape with Q electric charges in total

stationarily distributed on the surface. The medium surrounding this cavity has a

dielectric constant ε. The electrostatic potential is uniform everywhere on the surface.

The local surface charge density varies with the local curvature radius, and is higher

in sharper regions and lower in flatter regions. We want to know exactly what the

surface charge distribution σ(r) and the total Coulomb energy EC are for such a

generally given metal shell.

To find the surface charge distribution σ(r), we need the following two governing

equations: ∫

Σ

σ(r′) dS ′ = Q, (7.2)

and ∫

Σ

σ(r′) dS ′
1

|r − r′|

∣∣∣∣
r∈Σ

= εϕ. (7.3)

The integrations run over the whole metal surface Σ . The electrostatic potential ϕ

is a constant on the surface. The electrostatic Coulomb energy is

EC =

∫
εE 2

8π
dV =

1

2ε

∫

Σ

σ(r) dS

∫

Σ

σ(r′) dS ′
1

|r − r′| =
1

2
Qϕ, (7.4)
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where the electric field E must be zero inside the cavity, and so the volume integral

can be restricted to the region outside the cavity. The integrals in Eq. 7.3 and Eq. 7.4

seem to diverge in the limit r → r′, but we shall see later that a special treatment

can bypass this superficial divergence.

To perform a finite element calculation for this type of problem, we normally

should go through three steps [8]:

1. Find an optimal way to discretize the original smooth surface by a number of

similar-sized flat elementary polygons seamlessly connecting with each other

and sticking with the shape deformation.

2. Reformulate the original problem on these elementary polygons in terms of each

polygon’s own properties and their mutual interactions. This usually ends up

with some enormous-dimension matrix equations.

3. Solve the matrix equations numerically with highly efficient routines.

Suppose our metal shell can be described by a single-valued shape function R(θ, φ),

which gives the distance of each point on the surface away from the coordinate origin

when (θ, φ) runs through all the spatial directions \. This can be expanded in spherical

harmonics as

R(θ, φ) = R0

{
1 +

∞∑

l=0

l∑

m=−l

ηlmYlm(θ, φ)

}
, (7.5)

where ηlm are complex coefficients obeying the condition ηl,−m = η∗lm in order to

guarantee R(θ, φ) being real. If the coefficients are all set to zero, the shape function

represents a perfect spherical shell of radius R0. Before discretizing the general

shell described by R(θ, φ), we first discretize the spherical shell of radius R0 by an

icosahedron, which contains 20 equilateral triangles, as shown in Fig. 7.2. This is of

\We do not consider the case when R(θ, φ) is multi-valued; i.e., if we draw a line from the origin

towards the (θ, φ) direction, the line can intersect the shell multiple times.
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course a very crude approximation. We then divide each equilateral triangle on the

icosahedron into 4 smaller equilateral triangles, which leads to 80 equilateral triangles

in total. This operation can be continued to 320, 1280, 5120 triangles, etc. We record

the directions of all the vertices of these triangles measured from the origin, then

project them onto the arbitrary closed surface described by R(θ, φ) to form triangular

patches on the surface. Examples of the triangular patches on a spherical shell and

on a peanut shell are shown in Fig. 7.3.

Figure 7.2: Icosahedron

Figure 7.3: Finite element triangle patches on a spherical shell and a peanut shell.

Once we have discretized our metal shell into a sufficiently large number N

of elementary flat triangles, we can then use them to calculate the surface charge

distribution, the electrostatic potential, and the Coulomb energy, under the following

straightforward approximations \:

\There are many reasonable ways to do such approximations. Some of them converge very fast

with relatively small numbers of patches, but are usually much harder for programming. We only

adopt the simplest ones here.
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1. On each flat triangle i, the surface charge density is σi, taken to be uniform,

and the area is ∆Si. For different triangles, the surface charge densities and the

areas can be different.

2. The spatial location of each triangle is taken as the average of the locations of

its three vertices ri ≡ 1
3
(ri1 + ri2 + ri3). The surface normal at ri is taken to

be perpendicular to the patch plane.

3. The Coulomb interaction between two different triangles i and j is treated as if

it is between two point charges ∆Qi = σi∆Si and ∆Qj = σj∆Sj separated by

a distance of |ri − rj|. For the self-interaction when i = j, a special treatment

is given below.

Based on these operations, Eq. 7.3 converts into a matrix equation




σ1

σ2

...

σN







M11 M12 · · · M1N

M21 M22 · · · M2N

...
...

. . .
...

MN1 MN2 · · · MNN




= εϕ




1

1
...

1




, (7.6)

where the matrix elements for i 6= j are simply

Mij =
∆Si ∆Sj

|ri − rj| . (7.7)

Now we focus on the troublesome i = j case.

Mathematically, the following integral on a flat polygon Π

I(r) =

∫

Π

dS ′
1

|r − r′| (7.8)

has been analytically derived out by Wilton et al. (see Ref. [9] for the detailed

algebra), where r is any field point in space. The particular usefulness of this result

lies in its validity even when r is in the polygon plane; i.e., the |r − r′|−1 → ∞
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superficial divergence has been integrated away. Hence it provides a practical way to

approximate the diagonal matrix elements for i = j in Eq. 7.6,

Mii = Ii(ri)∆Si, (7.9)

where Ii(ri) means the Coulomb potential integral of the ith triangle patch calculated

at its own location r = ri.

Up to now, we have obtained all the matrix elements. By numerically inverting

the matrix using some well-known routines, we can get the surface charge distribution

σi, leaving only an undetermined overall constant ϕ. This last unknown can be fixed

by the normalization condition

∑
i

σi∆Si = Q. (7.10)

To this end, the model problem has been completely solved. Below we shall use our

constructed finite element scheme to study the actual multi-electron bubble problems.

7.2 Stability of Stationary Bubbles

Since MEB’s were first observed, there have been several theoretical investigations

of the stability of these objects. The first discussion was given by Shikin [10] and

further analysis has been given by Salomaa and Williams [11–13], and Tempere,

Silvera and coworkers [3; 14–16]. In the simplest model, the electrons are taken to be

distributed over the inner surface of the bubble in a way such that the electric field is

everywhere exactly normal to the surface. This ensures that the charge distribution

is in equilibrium. The electrons are treated classically and so are localized at the

surface in a layer of zero thickness, which is exactly the metal shell structure that we

have discussed above.
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The total energy of the bubble can thus be taken as

E = ES + EV + EC. (7.11)

Here, ES = σS is the surface energy with S the surface area, EV = pV is the volume

energy with V the bubble volume, and EC is the Coulomb energy already given in

Eq. 7.4 with Q = −Ze. If the bubble is spherical, the bubble radius that gives the

minimum value of the energy is the solution of the equation

Rb =

(
Z2e2

16πεσ + 8πεpRb

) 1
3

. (7.12)

For zero applied pressure, this gives the total energy of an MEB as

E =
3

2

(
2πZ4e4σ

ε2

) 1
3

. (7.13)

Since the energy is proportional to Z
4
3 , the energy is always reduced if the bubble

breaks into two. Hence, in the discussion of stability given here, we are not considering

whether the energy of the bubble can be lowered if it breaks into pieces, but are

trying to determine whether there is an energy barrier that prevents the bubble from

breaking in an experimentally acceptable lifetime.

To consider whether the spherical shape is stable, we perform the spherical

harmonic expansion in Eq. 7.5 around R0 = Rb and assume all the coefficients

|ηlm| ¿ 1. It is straightforward to show that to the second order in ηlm, the three

contributions to the energy can be written as

ES = 4πσR2
b

{
1 +

1√
π

η00 +
1

8π

∞∑

l=0

l∑

m=−l

(l2 + l + 2)|ηlm|2
}

, (7.14)

EV =
4π

3
pR3

b

{
1 +

3

2
√

π
η00 +

3

4π

∞∑

l=0

l∑

m=−l

|ηlm|2
}

, (7.15)

EC =
Z2e2

2εRb

{
1− 1

2
√

π
η00 +

1

4π
η2

00 −
1

4π

∞∑

l=0

l∑

m=−l

l|ηlm|2
}

. (7.16)
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Hence the total energy is

E = 12πσR2
b +

16π

3
pR3

b +
∞∑

l=0

1

2
κl

l∑

m=−l

|ηlm|2, (7.17)

in deriving which the condition Eq. 7.12 has been used. The spring coefficients κl are

given by

κ0 = 6σR2
b + 4pR3

b, (7.18)

and

κl = (l − 2)(l − 1)σR2
b − 2(l − 1)pR3

b, (l ≥ 1). (7.19)

From this one can see that the bubble is stable against spherically symmetric

perturbations provided that 6σR2
b + 4pR3

b > 0. This leads to the condition p > pc,

where the critical negative pressure

pc = −
(

27πεσ4

2Z2e2

) 1
3

. (7.20)

For l = 1, the spring coefficient κ1 is zero. This is to be expected since a perturbation

of the form η1mY1m(θ, φ) corresponds to a simple translation of the bubble in some

direction. For l = 2, the spring constant κ2 is zero if the applied pressure is zero, and

so this analysis of the effect of small perturbations to the initial spherical shape does

not really determine the stability of the bubble. The higher l spring constants are all

positive at zero pressure but each becomes negative if the pressure is increased to a

sufficiently positive value. It was noted by Tempere et al. [14] that if the pressure

is negative (but not negative with respect to pc), all of the spring constants will be

positive \ and so the bubble must be stable.

The stability of the bubble at zero pressure is of especial importance since in the

experiments that have been performed so far there has been no additionally applied

pressure apart from the very small hydrostatic pressure due to the distance the bubble

is below the free surface. At zero pressure κ2 is zero, and so we need to go beyond

\To be more precise, we should say all except for l = 1, which is always zero.
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the lowest order in perturbation theory in order to investigate the stability of an

MEB at zero pressure. One approach would be to calculate the terms in the energy

that are fourth order in the ηlm parameters. Instead, we have performed numerical

calculations of the total energy as a function of bubble shape.

To do this, we still describe the shape of the bubble using Eq. 7.5 but now do

not restrict the parameters ηlm to being small. When the bubble shape changes, the

electrons will redistribute themselves over the surface so as to minimize the energy

and to make the electric field inside the bubble zero. For each choice of shape we

use the FEM to compute the surface charge distribution and the Coulomb energy.

The simulation uses 1280 triangle patches. We start with a spherical shape and vary

the parameters ηlm to see if a state of lower energy can be reached without passing

over a barrier. We have done this using a maximum value of 5 for l in Eq. 7.5. This

process was then repeated for a series of different pressures. We also performed similar

calculations with a maximum value of l of 15 but taking only m = 0. Both procedures

gave the same results for the stability.

The result of this investigation is that for all positive pressures there is no barrier

to fission, whereas for negative pressures there is a barrier. This result holds for

all values of Z. Figure 7.4 shows an MEB containing 106 electrons that has almost

split into two smaller bubbles at zero pressure. It started from a spherical shape and

has undergone an intermediate peanut shape (refer to Fig. 7.3) in the course of our

random-walking energy minimization before it reaches the current state.

Figure 7.4: Fission of a multi-electron bubble containing 106 electrons at zero pressure.
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To illustrate the path to fission more clearly, we describe results obtained for a

simplified calculation in which only l = 0 and l = 2 contributions are retained. Thus

we write

R(θ, φ) = a0 + a2(3 cos2 θ − 1). (7.21)

Within this simplified model, the bubble fissions when a2 = a0 (vanishing-waist

peanut shape), and develops a hole along the z-axis when a2 = −a0/2 (breaking-

through donut shape). In Fig. 7.5(a), we show examples of contour plots of the

energy in the a0-a2 plane. The pressure is −0.03 mbar and Z = 106. There is a stable

minimum with a2 equal to zero, i.e., the bubble is spherical. When the pressure is

zero (Fig. 7.5(b)), there is still a point in the plane at which the energy of the bubble

is stationary with respect to both a0 and a2 (at a0 = 23.8 µm and a2 = 0), but it is

now possible to reach the fission line from this point without passing over any energy

barrier. Note that along this path there is, of course, an increase in the value of

a2 but also a substantial decrease in a0. Once the pressure becomes positive (see,

for example, Fig. 7.5(c)), there is no point in the a0-a2 plane where the energy is

stationary.

These results can be compared with the earlier calculations by Tempere et al. [16]

who also investigated the stability against fission. They used an ingenious method in

which the bubble was described by 6 parameters chosen so that the shape of a bubble

undergoing fission could consist of two spheroids connected by a hyperboloidal neck.

The choice of parameters was such that the bubble could vary from consisting of

a single sphere, to an ellipsoid, and then all the way to separated spheres. They

minimized the total energy of the bubble by adjusting these parameters subject only

to the constraint that the total length L of the bubble had to have a given value.

They then investigated how the total energy varied with L starting from a value of

L equal to 2Rb. If the energy decreased monotonically as L increased from 2Rb to a

large value, this indicated that the MEB was unstable against fission. If the energy

first increases before decreasing, this indicates that the bubble is stable. To simplify
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the calculation, Tempere et al. made the approximation that the charge density was

uniform over the surface of the bubble. They concluded that at zero pressure even

though there is a mode of deformation (the l = 2 mode), which can grow without

increasing the energy of the bubble, there should be an energy barrier which prevents

fission, whereas we find no barrier.

This difference in the results arises from the treatment of the charge distribution

on the bubble. If the bubble is assumed to have surface charge density that remains

uniform when the shape changes, it is straightforward to show that the Coulomb

energy for small changes from the equilibrium spherical shape is

EC =
Z2e2

2εRb

{
1− 1

2
√

π
η00 − 1

4π

∞∑

l=0

l∑

m=−l

l2 + 3l − 1

2l + 1
|ηlm|2

}
. (7.22)

In this case the spring constant κ′l for the l-th mode (considering only l ≥ 1) becomes

κ′l = (l2 + l + 2)σR2
b + 2pR3

b −
l2 + 3l − 1

2l + 1

Z2e2

4πεRb

. (7.23)

Comparing this with the spring constant κl when the charge redistributes (Eq. 7.19)

gives

κ′l = κl +
(l − 1)2

2l + 1

Z2e2

4πεRb

. (7.24)

Thus for all modes, except l = 0 and l = 1, making the approximation of a uniform

surface charge gives an increase in stiffness and makes it harder for the bubble to

undergo fission. The increase in stiffness is to be expected since a redistribution of

surface charge can only lower the total energy. In Fig. 7.6, we show energy contour

lines in the a0-a2 plane for an MEB with 106 electrons at zero pressure calculated

by taking a uniform surface charge. One can see that within this approximation the

spherical bubble is stable.

There are several physical effects that are not included in the simplified model

used so far. It is possible that allowance for these effects would change the stability

of an MEB at zero pressure. A more detailed consideration of the Coulomb energy
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Figure 7.6: Contour lines of constant energy for a multi-electron bubble containing 106

electrons at zero pressure. The energy spacing between contour lines is 0.05 eV. The energy

is shown as a function of the parameters a0 and a2 as defined in Eq. 7.21. The electrons are

uniformly distributed over the surface area of the bubble.

(the total electron energy, to be more precise) for a spherical bubble has been given by

Salomaa and Williams [11; 12] using the density functional formalism of Hohenberg

and Kohn [17]. This makes possible the inclusion of the kinetic, exchange and

correlation energies. But how these extra contributions affect the spring constants is

not clear and is difficult to calculate. Salomaa and Williams show that these extra

contributions to the energy make a very small contribution to the energy when Z is

large. For example, for Z = 108 the extra terms make a contribution that is roughly

4000 times smaller than the form Z2e2/2εRb for the energy used in the simple model.

The calculation could also be improved, for example, by using a density functional

theory to treat the surface of the liquid helium, and by allowing for the penetration of

the electron wave function into the liquid. All of these effects appear to be very small
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corrections to the total energy and hence are unlikely to change the spring constants

by a large amount. However, it is important to note that even a small correction could

lead to a positive value for κ2, which would in turn lead to a finite (but small) energy

barrier against fission. As an example, consider corrections that arise as a result of

using a density-functional scheme to describe the helium. For a bubble with radius

large compared to the thickness of the liquid-vapor interface, the first correction to the

energy can be represented by considering the surface tension σ to contain a correction

that is proportional to κ, the sum of the principle curvatures of the surface. Based

on a simple density functional scheme used previously [18], it is straightforward to

show that the correction to the surface tension is ∆σ = κ× 0.9× 10−8 erg cm−1, and

the sign of the correction is such that the surface tension is increased for a concave

surface of the liquid. Inclusion of this term changes the total energy by an amount

∆E, which for a bubble at zero pressure is given by

∆E

E
=

0.08

Z
2
3

. (7.25)

It is straightforward to show that the spring constant for an l = 2 deformation at

zero pressure now becomes

κ2 = Rb × 1.08× 10−7 erg cm−1. (7.26)

Because κ2 is now positive at zero pressure, there will be a barrier against fission, but

clearly, this barrier will be very small for, e.g., Z ∼ 108.

Another effect that may influence the stability has been pointed out by Williams

and Salomaa [11–13]. They show that if the bubble is undergoing a spherically

symmetric oscillation of finite amplitude (an oscillation involving η00), then there is an

increase in the effective spring constant for oscillations with l = 2, i.e., the spherically

symmetric oscillations tend to stabilize the bubble. It would be interesting to extend

the present calculations to include such dynamic effects. For example, one could

start with a bubble in a non-equilibrium configuration corresponding to some initial

values of the {ηlm} coefficients and their time derivatives {η̇lm}, and then calculate
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how the bubble shape evolves as time elapses. However, this is a significantly more

complex computation and would require both a large number of calculations of the

electron distribution on the bubble and also calculations of the motion of the liquid

surrounding the bubble.

7.3 Stability of Moving Bubbles

The above results indicate that one way to stabilize an MEB is to produce it in

liquid that is under a small negative pressure. We now consider an alternate way to

maintain a stable bubble. A bubble moving through a liquid will be affected by the

local pressure change associated with the liquid moving around it. For a spherical

bubble moving at a velocity v through an incompressible inviscid fluid with the density

ρ, the Bernoulli effect results in a pressure variation over the surface of the bubble

given by [19]

p(θ) = p∞ +
1

8
ρv2(9 cos2 θ − 5)

= p∞ − ρv2

√
π

4
Y00(θ, φ) + ρv2

√
9π

20
Y20(θ, φ).

(7.27)

For a bubble in liquid that is under zero far-field pressure p∞ = 0, this changes the

shape of the bubble in two ways. The term proportional to Y00(θ, φ) by itself would

provide a negative pressure around the surface of the bubble, and since bubbles are

stable at negative pressure, this contribution serves to stabilize the bubble. The

second term gives a positive pressure at the poles of the bubble and a negative pressure

around the waist. This pressure distribution will distort a spherical bubble so as to

make the parameter η20 in Eq. 7.5 or a2 in Eq. 7.21 to be negative. This also tends to

stabilize the bubble since, as can be seen from Fig. 7.5, for fission to occur a2 has to

become positive.

We have performed computer simulations in order to find the shape of moving
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bubbles and the range of velocity and pressure for which they are stable. Our method

is quasi-static, explained as follows. We start with a guess at the bubble shape and

then calculate the charge distribution on the surface. This then gives the pressure

∆pe(θ) exerted on the surface by the electrons. We then find the flow in the liquid.

To do this we expand the velocity potential by the Legendre polynomials

Φ(r, θ) =
∑

l

bl

rl+1
Pl(cos θ), (7.28)

where bl are some coefficients and the sum includes terms up to l = 20. The

coefficients are determined so as to give a velocity distribution in the liquid such

that in the frame of reference of the moving bubble, the liquid velocity at the bubble

surface in the direction normal to bubble surface is as close to zero as possible. This

gives a pressure at the bubble surface of

p∞ + ∆pB(θ), (7.29)

where ∆pB(θ) is the Bernoulli pressure on the surface. The net inward force acting

on unit area of the bubble surface is then

p∞ + ∆pB(θ)−∆pe(θ), (7.30)

in which the electron induced force points outwards and so leads to a negative sign

in front of ∆pe(θ).

We then let each part of the bubble surface move inward a distance proportional

to the net inward force, and repeat the process until the equilibrium shape is reached.

This calculated shape is ensured to be stable against axial symmetric variations. In

order to test its overall stability including non-axial symmetric variations, we added

some non-axial symmetric perturbations on the shape and repeated the simulation

mentioned above. But this time, the fluid potential is expanded by spherical

harmonics with the maximum l = 5 and all possible m. For an MEB with Z = 106,

the stable shapes for three different velocities at zero p∞ are shown in Fig. 7.7.
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Figure 7.7: The shape of a multi-electron bubble containing 106 electrons for bubble

velocities of 3, 10 and 20 cm s−1. The pressure at large distance from the bubble is zero.

In Fig. 7.8, the distance Rpole from the bubble center to the pole and the radius

Rwaist of the waist are shown as a function of the velocity. Note that the change in

the shape of the bubble even for a small velocity is surprisingly large. This comes

about simply because the Bernoulli pressure contains a finite term varying with angle

as Y20(θ, φ), but the spring constant κ2 for this pressure component is zero. Thus,

for an MEB, the changes in Rpole and Rwaist are linearly proportional to the bubble

velocity, whereas for a gas bubble in a liquid the spring constant κ2 is finite, and so

the changes in dimensions are proportional to the square of the velocity.

In Fig. 7.9, we show a plot of the region in the pressure-velocity plane in which the

bubble is stable. This region is bounded by two lines. For small velocities, there is a

critical positive pressure at which the bubble undergoes fission. At negative pressures,

the bubble becomes unstable against expansion. For zero velocity, this expansion is

isotropic. We are only able to perform the numerical calculation until the bubble

becomes concave at the poles, shown by the dashed line.

The region of stability of bubbles containing a different number of electrons can

be found by scaling the results in Fig. 7.9. The instability pressure pins(Z, v) can be

· 155 ·



28

12

16

20

24

20151050 25 30

Rwaist

Rpole

R
ad

iu
s 

(¹
m

)

Velocity (cm s¡1)

Figure 7.8: The distance Rpole from the bubble center to the poles and the radius Rwaist

of the waist as a function of the bubble velocity. These results are for a bubble containing

106 electrons moving through liquid in which the pressure at large distance from the bubble

is zero.

written in the form

pins(Z, v) = AZ− 2
3 f(Bv2Z

2
3 ), (7.31)

where f is a dimensionless function, A = (σ4ε/e2)
1
3 and B = ρ(e2/σ4ε)

1
3 . Thus for

zero velocity, the critical negative pressure at which a bubble becomes unstable is

proportional to Z− 2
3 ; and at zero pressure, the critical velocity at which the bubble

becomes concave at the poles occurs is proportional to Z− 1
3 .

We note that in our model we have treated the liquid as inviscid, although helium

above the λ-point has a finite viscosity and below the λ-point the liquid still has a

normal fluid component. At sufficiently low temperatures, the density of the normal

fluid becomes very small and, in addition, the mean free path of the excitations

making up the normal fluid becomes comparable to the radius of an MEB. Under

these conditions, it appears that the only effect of the normal fluid is to determine

the mobility of an MEB, and there should be no effect on the shape change or the
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Figure 7.9: Plot of the region in the pressure-velocity plane in which a multi-electron

bubble containing 106 electrons is stable. The region is bounded by the lines on which the

two different types of instability occur. Along the dashed line the bubble becomes concave

at the poles and the numerical calculations become inaccurate.

stability. For a bubble with Z = 106, the mean free path of the thermal excitations

becomes equal to the radius at around 0.6K, and at this temperature the normal

fluid density is less than the total density by a factor of 4 × 10−5. But as far as we

are aware, there have been no experiments with MEB’s at such low temperatures.

At high temperatures where the helium is in the normal state, the situation is

not so clear. It is known that when the Reynolds number is large (but not so large

that the flow becomes turbulent), the viscosity results in a thin boundary layer on

the surface of the bubble, and the pressure at the bubble surface is close to the value

that would result from potential flow [20]. This general idea would suggest that the

inviscid approximation should give reliable results for the stability of MEB’s over a

wide range of Reynolds number. To determine this range one could calculate the

effect of viscosity using the method developed by Li and Yan [21] and applied by

· 157 ·



them to calculate the shape and drag on gas bubbles moving through a liquid. We

have not attempted to do this. We note that Albrecht and Leiderer [7], in their

experiments at 3.5K, found that the mobility of the MEB’s was between one and two

orders of magnitude smaller than expected on the basis of ordinary hydrodynamics.

The reason for this is unknown. In the experiments of Volodin et al. [1] and Khaikin

[5], which were performed at 1.3 K, velocities of the order of 104 cm s−1 were reported.

At these velocities the normal fluid component would be in the turbulent regime, and

the bubble is moving so fast that it should lose energy through the production of

quantized vortex rings.

In the end, it is interesting to compare the results obtained here for an MEB with

the behavior of a single-electron bubble (SEB). For an SEB, it is essential to treat the

electron using quantum mechanics. The shape is determined by a balance between

surface tension, the quantum pressure exerted by the electron on the inside of the

bubble wall, and the Bernoulli pressure acting on the outside. The change in shape

of an SEB has been calculated by Guo and Maris [22]. They find that for an SEB

bubble, both Rwaist and Rpole increase with increasing velocity and the difference

between them is small so the bubble remains approximately spherical. This is in

contrast to the results for the MEB, where Rwaist increases and Rpole decreases, as

shown in Fig. 7.8. The different behavior is related to the different “elastic” behavior

of the bubble contents. For an SEB, there is a large energy increase associated with a

change in shape of the electron wave function, even if there is no change in the volume.

This is in contrast to the behavior of the electron energy (i.e., the Coulomb energy)

for the MEB. From Eq. 7.16, one sees that the Coulomb energy actually decreases

with |η20|2. Thus, the response of an SEB to a surface pressure varying as Y2m(θ, φ)

is much smaller than the response of an MEB, and it is for this reason that the SEB

bubble remains nearly spherical as the velocity increases whereas the MEB undergoes

a large distortion.
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