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Abstract 

 Previous research has identified the genotype fitness landscape for the evolution of β-

Lactamase.  Using the permutahedron, a mathematical construct used to determine the 

differences between mutational trajectories, accessible trajectories were found to be very 

similar and clustered on the permutahedron.  This research provides an explanation for this 

phenomenon and simulated data to show it is a universal property of single peaked fitness 

landscapes.  Furthermore, the distribution of shapes on the permutahedron created using 

random single peaked landscapes was examined and shown to be of little value in predicting 

accessible trajectories using limited data.  Finally, a novel approach of representing mutations is 

discussed and compared to genotype fitness landscapes. 
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Introduction 

 Theoretical models of evolution need to be studied and developed.  It can be difficult 

and time consuming to study mutation in living organisms, and computational solutions may 

make it easier.  With models, one can experiment in silico and examine the process through 

simulation.  With theoretical models, we will be able to better predict biological processes and 

reduce the amount of lab work needed to understand the data. 

 Previous research examined the evolution of resistance to β-Lactam antibiotics in 

bacteria (Weinreich et al. 2006).  This research studied the five mutations involved in the 

evolution of β-Lactamase, an enzyme that hydrolytically inactivates β-Lactam antibiotics and 

leads to a 100,000 fold increase in resistance.  An interesting result of the research was to 

discover that the five mutations could not happen in any order.  Certain mutations would be 

advantageous in some genetic backgrounds and deleterious in others, meaning that the 

mutations exhibit sign epistasis (Weinreich et al. 2005).  The order in which the mutations fix is 

called a mutational trajectory, and in this case, there are 120 possible mutational trajectories.  

Assuming that selection pressures are strong and mutational pressures are weak, the time to 

fixation will be much less than the time between mutations as in the “strong selection/weak 

mutation” model (Gillespie 1984).  This implies that it is unlikely that more than one allele will 

mutate and fix at a time.  It is also much more likely that a beneficial mutation will fix than a 

deleterious or neutral one (Gillespie 1984).  Because a beneficial mutation is always available, 

the probability of fixation of a deleterious or neutral mutation is approximated to be zero 

(Weinreich et al. 2006).  Assuming that deleterious mutations are unlikely to fix and each allele 

is likely to fix only once, any of the five genes can fix first, and then any of the other four can fix, 

and so on.  Therefore the there are (5! = 120) mutational trajectories. 
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A graphical representation of the space of possible genotypes for a genome of size 3 is 

shown below in Figure 1.  Each corner represents a possible genotype.  Each spatial dimension 

maps to a location in the genome and each edge in that dimension is a mutation in that location 

in the genome.  For example, any horizontal edge corresponds to a mutation from “a” to “A.” 

 

Figure 1 – Space of possible genotypes in a genome of size 3 

A graphical representation of mutational trajectories is shown below in Figure 2. 
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Figure 2 – Mutational trajectories from abc to ABC 

This shows the mutational trajectories from aaa to ABC.  The top left cube demonstrates a 

mutational trajectory in which the “a” allele mutates first, the “b” allele mutates second, and 

the “c” allele mutates last.  The six cubes also show that mutations can happen on different 

genetic backgrounds.  For example, take the mutation of the “a” allele.  This mutation can 

happen in many different backgrounds as shown in Figure 3.  The top box depicts the “a” allele 

mutating first.  The middle shows it happening after the “b” mutates, and the bottom box shows 

it happening last. 
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Figure 3 –the “a” allele mutating in different backgrounds 

Other trajectories can exist such as fixing two genes at the same time, but for the purpose of 

this research, study was restricted to so that each allele will mutate and fix only once.  Also, 

mutations cannot happen simultaneously (Ziegler 1995). 

In order to analyze mutational trajectories, a fitness landscape is used.  Fitness 

landscapes relate genetics to fitness (i.e. reproductive success).  Landscapes help us understand 

and visualize how evolution will take place.  They display what mutational trajectories are 

possible and probable.  The specific kind of landscape used in this research is the genotype 

fitness landscape.  In a genotype fitness landscape, each possible genotype is assigned a fitness 

value (Wright 1932).  For example, see the Figure 4.  Each genotype has an assigned fitness 

indicating the reproductive chances of an organism with that genotype. 

 

Figure 4 – A genotype fitness landscape for a genome of size 2 
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In this specific example, an organism with a genotype of ab will have a fitness of 0.2.  It can then 

mutate to Ab and achieve a fitness of 0.6, and then onto AB where it will have fitness 1.  On the 

other hand, ab→aB→AB is not an accessible trajectory because ab→aB is deleterious and is 

unlikely to fix. 

The genotype fitness landscape for β-Lactamase was generated through 

experimentation.  All 32 genotypes were generated in Escherichia coli and their resistance to 

cefotaxime was examined.  The fitness landscape quantifies the evolutionary forces acting on 

the genes.  The accessible trajectories are shown below in Figure 5 (Weinreich et al. 2006).  

Although there are 120 possible trajectories, only 18 are accessible. 

 

Figure 5 –β-Lactamase accessible trajectories.  The numbers indicate fitness and the 
thickness and color of the arrows are a graphical representation of the probability of each 

beneficial mutation.  Thinner and red is less probable.  Thicker and green is higher probability.  
The broken and solid lines correspond to different probability models.  See Weinreich et al. 2006 

for further discussion of the figure and models. 
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To analyze mutational trajectories, the permutahedron will be used.  The 

permutahedron is a multidimensional object in which each node corresponds to a mutational 

trajectory.  Trajectories are represented by sequences of upper and lowercase letters where 

different letters designate different alleles and case represents mutant variants of that allele.  

Pairs of nodes that represent trajectories that differ by the exchange of two temporally adjacent 

mutations are connected by edges.  Figure 6, shown below, is the permutahedron for an 

organism with a genome of size 3.  The blue line and nodes represent a pair of mutational 

trajectories; two trajectories that differ by switching two temporally adjacent mutations – B and 

C. 

 

Figure 6 – Permutahedron for a genome of size 3 

As the size of the genome grows, the permutahedron becomes more complex, as seen in Figure 

7, the permutahedron for a genome of size 4. 
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Figure 7 – Permutahedron for a genome of size 4 

 Previous research discovered that 14 pairs of accessible trajectories in the β-Lactamase 

genotype fitness landscape were adjacent on the permutahedron.  Accessible trajectories are 

those in which each mutation leads to a monotonic increase in fitness until the global maximum 

is achieved.  If the 18 trajectories were randomly placed on the permutahedron, the probability 

of this event would be 5.5*10-5.  This was shown through simulation as seen below in Figure 8 

(Weinreich unpublished). 
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Figure 8 – Probability of randomly generating 14 pairs on the permutahedron from 18 

trajectories  

In addition, trajectories were seen to be clustered by probability of realization.  The probability a 

specific trajectory will occur depends on the probability of fixation of each of the mutations in 

the trajectory, and a reasonable model assumes that the probability of fixation of an individual 

mutation is determined by the benefit conferred by the mutation.  7 of the 14 pairs of 

permutahedron-adjacent trajectories were also adjacent in probability of realization.  Assuming 

the probabilities of realizations are randomly distributed, having 7 or more pairs occurs with 

probability 1.3*10-4 (Weinreich unpublished) as seen in Figure 9. 
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Figure 9 – Probability that 7 of 14 pairs will also be adjacent in probability of realization  

However, the results presented later in this paper show that clustering on the permutahedron is 

a property of all single peaked fitness landscapes, and the number of adjacent pairs observed in 

the β-Lactamase data is not uncommon.  The number of pairs observed is near the average 

amount observed in all single peaked landscapes.  The flaws in the analysis shown in Figure 8 

and 9 will be discussed, and the reason clustering exists will be provided. 

 In addition to adjacencies, shapes on the permutahedron can be analyzed.  A shape  is 

defined as the pattern of connections on the permutahedron between selectively accessible 

trajectories.  Two shapes are the same if the permutahedron can be rotated such that 

connections between accessible trajectories of one shape match up with the connections in the 

other.  Examining shapes is a method of comparing trajectories on different landscapes.  Data 

analyzing the distribution of shapes is provided and discussed. 

Identifying the complete fitness landscape in vivo can be extremely useful but time 

consuming and expensive.  The fitness landscape quantifies the probabilities of fixation of each 

mutation and identifies the most likely course of evolution.  Unfortunately, the number of 

possible genotypes grows exponentially with the number of genes analyzed.  Finding ways to 

reduce the number of genotypes that need to be tested would allow experimentalists to create 

genotype fitness landscapes for more complex systems.  Knowing on which backgrounds these 

mutations are likely to be high fitness gives the biologist an idea of where the most probable 

trajectories lie.  Description of the constraints and properties of fitness landscapes will provide a 
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scientist with ideas of how to identify the most probable trajectories.  Knowledge of formal 

fitness landscape properties will allow a scientist to use incomplete data to direct the rest of the 

experimentation and gain more information in less time. 

In order to better analyze fitness landscapes, a novel representation of the fitness 

landscape was developed that involves the space of possible trajectories.  It partitions 

trajectories into those that are accessible and not accessible.  By examining entire trajectories 

rather than single genotypes, analysis can be simplified.  It will also be shown that trajectory 

space contains sets of trajectories that cannot exist on any fitness landscape. 

 This document will discuss a number of topics.  The sampling of single peaked 

landscapes and the distribution of trajectories throughout them will be addressed.  These 

landscapes will be analyzed using the permutahedron and compared to the β-Lactamase 

landscape to show its relevancy to evolution.  Clustering on the permutahedron will be 

explained.  Shapes on the permutahedron will be described and the usefulness of the shapes to 

wet lab experimentalists will be addressed.  Finally, a novel method of representing the fitness 

landscape and mutational trajectories will be demonstrated. 

Methods 

This research restricts study to biallelic loci in which each allele can be represented as a 

0 or 1.  Each genotype, therefore, can be represented by a combination of L 0’s and 1’s where L 

is the length of the genome.  Every genotype is assigned a real number which designates the 

fitness value.  This real number is randomly generated and sampled from a uniform distribution.  

When all of the genotypes have been assigned a fitness value, they make up the genotype 

fitness landscape (Wright 1932). 
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All populations are assumed to begin at a genotype consisting of L 0 alleles.  This is set 

to be the lowest fitness value.  The highest fitness is assigned to the genotype consisting of L 1 

alleles. 

 Alleles can mutate and fix from 0 to 1.  A 1 allele cannot mutate and fix back into a 0.  

An allele will only fix if it raises the organism’s fitness, and only one fixation can happen at a 

time.  On single peaked fitness landscapes there always exists at least one beneficial mutation 

unless the genotype’s fitness is the global maximum.  Therefore, deleterious mutations (most 1 

to 0 mutations) are unlikely to fix (DePristo et al. 2007). 

  Genotype fitness landscapes were randomly sampled from a uniform distribution and 

all non-single peaked landscapes were removed.  The accessible trajectories in each remaining 

landscape were identified and the percentage of single peaked landscapes was recorded.  The 

distribution of trajectory counts over single peaked landscapes was documented when L was 3, 

4, and 5.  All accessible trajectories’ locations on the permutahedron were also determined.  The 

number of pairs of adjacent trajectories was recorded when there were 18 accessible 

trajectories in a genome of size 5.  This was done to compare the simulated results to the β-

Lactamase data (Weinreich et al. 2006).  Next, the shapes on the permutahedron created by 

each fitness landscape were examined.  Each shape, created from each landscapes’ accessible 

trajectories, was compared to other shapes from landscapes with the same number of 

trajectories to see if the shapes matched.  The distribution of shape frequency was recorded for 

genomes of size 3, 4, and 5.  To summarize how many shapes matched, the squared frequency 

for each shape was summed.  The sum of squares is a statistical tool used to measure dispersion.  

The larger the number, the less dispersed the data is.  For example, if there was only one shape 

with frequency 1, then the sum of squares would be 12 = 1.  However, if there were 4 equally 
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likely shapes, the sum of squares would be smaller, 0.252*4 = 0.25.  Finally, landscapes with 18 

accessible trajectories and a genome of size 5 were generated and all sub-shapes of size 17 were 

compared.   A sub-shape of size 17 is created by removing a single trajectory from a landscape 

with 18 trajectories.  All possible sub-shapes of size 17 were created from each landscape, and 

these sub-shapes were compared to all sub-shapes of size 17 from all other landscapes with 18 

trajectories.  The number of shapes that matched was recorded. 

Results 

The generation of single peaked landscapes 

 Random landscapes were generated and the percentage of landscapes that were single 

peaked is displayed below.  The sample size was 109 for each genome size. 
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Figure 10 – Percentage of single peaked landscapes of all randomly generated landscapes 

The distribution of the number of accessible trajectories in single peaked landscapes 

with a genome size of 3 is shown below.  A sample size of 3*107 was used. 
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Figure 11 – Distribution of trajectories on landscapes with a genome of size 3 

The distribution of the number of accessible trajectories in single peaked landscapes 

with a genome size of 4 is shown below.  A sample size of 1.2*109 was used. 

 

Figure 12 – Distribution of trajectories on landscapes with a genome of size 4 
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The distribution of the number of accessible trajectories in single peaked landscapes 

with a genome size of 5 is shown below.  A sample size of 7.2*106 was used.  The number of 

selectively accessible trajectories from Weinreich’s β-Lactamase data (Weinreich et al. 2006) is 

marked in red. 

 

Figure 13 – Distribution of trajectories on landscapes with a genome of size 5 

Clustering on the permutahedron and in probability space 

On random samples of 105 single peaked landscapes with 18 trajectories, a distribution 

of pairs of adjacent trajectories on the permutahedron was generated.  The number of pairs of 

adjacent trajectories from Weinreich’s β-Lactamase data (Weinreich et al. 2006) is marked in 

red and the results are as follows: 

β-Lactamase (Weinreich et al. 2006) 



Scheinberg 18 

 
 

 

Figure 14 – Distribution of adjacencies on the permutahedron on landscapes with 18 accessible 

trajectories 

Shapes on the permutahedron 

In order to understand the degree of similarity between shapes induced by random 

landscapes on the permutahedron, the frequency of each shape was squared and the squares 

were summed within each number of trajectories.  This was repeated for landscapes with 

varying numbers of trajectories and for genome sizes of 3, 4, and 5.  Each genome size and 

number of trajectories had a sample size of 1000.  The results are displayed below. 

β-Lactamase (Weinreich et al. 2006) 
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Figure 15 – Total squared frequencies of shape matches from landscapes with genome size 3 
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Figure 16 – Total squared frequencies of shape matches from landscapes with genome size 4 
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Figure 17 – Total squared frequencies of shape matches from landscapes with genome size 5 

Due to the low level of similarity in shapes for genome size 5, sub-shapes were 

examined for L=5 and number of trajectories = 18.  Every sub-shape, created by removing one 

accessible trajectory from landscapes with 18 accessible trajectories, was compared to sub-

shapes of the same size on other landscapes.  With a sample size of 1000 landscapes (18,000 

sub-shapes), there were no shape matches. 

Discussion 

Summary of Results 

 Many of the results were similar to the data found in vivo from the β-Lactamase data 

(Weinreich et al. 2006).  The number of mutational trajectories in the β-Lactamase landscape 

was near the mean of the distribution of trajectories on single peaked landscapes (Figure 13).  In 
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addition, the number of pairs of adjacent trajectories on the β-Lactamase landscape was near 

the mean of the distribution of pairs on single peaked landscapes (Figure 14).  There was, 

however, very little similarity between shapes on the permutahedron in genomes of size four or 

five (Figures 16 and 17). 

Single peaked landscapes 

 Generating single peaked landscapes was more difficult as the size of the genome 

increased.  Because the number of possible genotypes increases as the size of the genome 

increases, there are more opportunities to create a local maximum.  When the genome contains 

2 alleles, shown below in Figure 18, there are no opportunities to create a local maximum given 

that the first and last states are the lowest and highest fitness. 

 

Figure 18 – Sequence space for a genome of size 2 

In the five bit case, shown in Figure 19, there are many more opportunities which led to the fact 

that only 0.01% of five bit landscapes are single peaked. 
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Figure 19 – Sequence space for a genome of size 5 

The evolution of β-Lactamase involves 5 sites, and 18 accessible trajectories exist.  

Landscapes with 18 trajectories fall near the center of the distribution of single peaked 

landscapes as shown above.  Although this does not prove that the simulation perfectly 

corresponds to real data, it does strengthen the case that only considering single peaked 

landscapes is a reasonable simplification. 

Clustering on the permutahedron 

  Clustering exists on the permutahedron in the β-Lactamase data and in simulated data.  

14 pairs of the selectively accessible trajectories leading to resistance to β-Lactam antibiotics are 

adjacent on the permutahedron.  As shown in Figure 8, the probability of this event, given that 

18 trajectories were randomly selected, is 5.5*10-6.  However, random selection is not a perfect 

model, and the fitness landscape offers certain constraints making this event much more likely.  

Figure 14 demonstrates that fitness landscapes generally have a high degree of clustering and 

that 14 adjacent pairs are not uncommon. 

The structure of accessible trajectories on the fitness landscape leads to clustering on 

the permutahedron.  In order for a trajectory to be accessible, each mutation must have a 



Scheinberg 24 

 
 

successively higher fitness.  Therefore, the probability of a trajectory being accessible is 

P(F1<F2<…FL) where each F is the fitness of the genotype.  Given that one mutation is already 

accessible makes it more likely that every trajectory involving that mutation is more likely to be 

accessible.  P(F1<F2<…FL| F1<F2<…FL-1) is more likely than P(F1<F2<…FL).  Therefore, when a single 

trajectory is accessible, adjacent trajectories on the permutahedron are more likely to be 

accessible.  In addition to accessible trajectories being clustered on the permutahedron, 

trajectories will be clustered by probability.  The highest probability trajectories were clustered 

in the β-Lactamase data.  Seven of the 14 trajectories were adjacent on the permutahedron and 

in ranked probabilities of realization (Weinreich unpublished).  Although this hasn’t been 

simulated, it is believed that the reason for this is similar to the reason that accessible 

trajectories are clustered.  Trajectories that are adjacent on the permutahedron share most of 

the same mutations.  If the mutation is high probability, the entire trajectory is more likely to be 

higher probability.  Therefore, trajectories that share many common mutations should be 

clustered. 

Shapes on the permutahedron 

To further develop an understanding of the distribution of trajectories on the 

permutahedron, shapes on the permutahedron were examined.  By identifying the distribution 

of shapes on the permutahedron, experimentalists would be able to guess which trajectories are 

likely to be accessible even with incomplete data. 

The distribution on the graphs indicating dispersion of shapes (Figure 15, 16, and 17) are 

U shaped.  This is because the number of possible shapes varies with the number of accessible 

trajectories.  In landscapes with very few trajectories or very many, there are less ways of 

creating shapes than when there is a middle number.  In a landscape with 1 accessible trajectory, 
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there can only be 1 shape.  The same is true for a landscape in which every trajectory is 

accessible.  However, in a landscape with 6 trajectories when the genome is of size 4, there are 

5700 shapes.  Because there are more possible shapes, there is a smaller chance that the shape 

from one landscape will be the same as a shape from another landscape. 

On landscapes with small or large numbers of trajectories, there are very few types of 

shapes, as indicated by the high value of the sum of squares show in Figure 16.  Unfortunately, 

when the genome is larger or there are a middle number of trajectories as in Figure 17, there 

are very few similarities in the shapes on the permutahedron.  Every shape generated was 

different on the 1000 sampled landscapes that had a genome of size 5 and 18 accessible 

trajectories.  It is possible that although the shapes were different, there is a core sub-shape 

that common to many landscapes.  To test this, every sub-shape of size 17 from landscapes with 

18 accessible trajectories was checked for similarities.  Unfortunately, there were still no 

matches.   

Although it is possible that the core is a sub-shape that is smaller than L-1 trajectories, 

these results make it seem unlikely that analysis of shapes could be a useful tool.  Being able to 

identify the most common trajectories is more important when the genome size is larger 

because the number of possible genotypes grows exponentially with the size of the genome.  

Even with a genome of size 5, there were few matches and a genome of size 6 will have less.  

Although the trajectories are clustered, the number of possible shapes is too great.  Further 

research could be done to test smaller sub-shapes, but it is unlikely that it will lead to a useful 

tool. 

Trajectory space 
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A fitness landscape can be represented a number of different ways.  Wright (1932) 

presented a representation that mapped sequences to fitness values.  These representations are 

called genotype fitness landscapes.  Other representations were devised including ranking each 

genotype in terms of fitness as presented by Weinreich (2005) or mapping phenotype to fitness 

(Fisher 1930). 

A novel representation of the fitness landscape involves examining the space of 

trajectories.  Trajectory space consists of the set of all trajectories and whether those 

trajectories are accessible.  Rather than describing fitness landscapes based on single values for 

each allele, this representation simplifies the examination of evolution by grouping together 

multiple mutations.  A trajectory landscape partitions mutational trajectories into accessible and 

not accessible.  Trajectory space partitions trajectories differently than genotype fitness 

landscapes so an application for trajectory space has yet to be determined. 

Trajectory space includes sets of trajectories that cannot exist in genotype fitness 

landscapes and the proof is as follows.  All mutational trajectories in genotype fitness 

landscapes can be represented by a subset of the edges in genotype sequence space.  The 

number of edges is L*2L-1 (because each gene will mutate in every background and there are 2L-1 

backgrounds), and the total number of possible combinations of edges is 2^(L*2L-1).  The number 

of trajectories, however, is (L!) and the total number of combinations of trajectories is 2L!.  

Because there are more combinations of classic trajectories than combinations of edges for L≥5, 

there must exist a set of trajectories that cannot be represented by a combination of edges on 

the genotype fitness landscape.  For example, a subset of trajectories exists such that there are 

23 accessible trajectories when L=4, but there is no fitness landscape that will yield 23 accessible 

classic trajectories.  If one imagines a landscape with all 24 trajectories accessible, lowering the 
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fitness of any genotype more than one of its previous single mutant neighbors will always lead 

to more than one trajectory becoming inaccessible because more than one trajectory passes 

through each edge.  Genotype sequence space for a genome of size 4 is shown below. 

 

Figure 20 – Genotype sequence space for a genome of size 4 

 

Trajectory space is larger than fitness landscape space, and therefore, examining 

mutations using trajectory space will provide different results than using a fitness landscape.  In 

Figure 8, the probability of randomly generating 14 pairs on the permutahedron from 18 

trajectories was determined to be 5.5*10-5.  However, this analysis examined trajectory space.  

By choosing random trajectories without regard to the fitness landscape, the distribution of 

trajectories was skewed in the analysis provided in Figures 8 and 9.  The results provided in 

Figure 14 involved generating single peaked landscapes which followed the constraints inherent 

in fitness landscapes.  Therefore, the results presented in Figure 14 provided a more accurate 

picture. 

Conclusions 

 In order to better understand evolution and the ways it happens, theoretical models are 

necessary.  Understanding the constraints inherent to fitness landscapes will allow people to 

better understand the paths evolution can take.  The model used in this research assumes that 
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only one mutation will occur at a time, that each allele will fix once, that only beneficial 

mutations can fix, and that only single peaked landscapes can exist.  Even with these 

assumptions, it can aid in the development of a basic understanding of mutational trajectories.  

The β-Lactamase data is similar to the values predicted by the model used here even though 

many simplifications were made. 

 Further study needs to be continued in a number of areas.  The existence of a core of 

sub-shapes on the permutahedron should be addressed and smaller sub-shapes could be tested.  

Although this is unlikely, if a common core was identified, it would aid researchers trying to 

determine which genotypes have high fitness.  With that knowledge, wet lab experimentalists 

would be able to perform fewer experiments but still remain confident that they were observing 

the majority of the high probability trajectories.   

The research should be expanded to include additional types of mutational trajectories.  

This research assumes that an allele cannot revert back to its original state after it has fixed even 

if it leads to a higher fitness genotype.  Reversion trajectories involve an allele fixing, reverting 

back to its original state, and ultimately fixing again in the mutated state.  Because mutations 

can be beneficial or deleterious in different backgrounds, reversion trajectories can be 

selectively accessible.  In addition to the 18 accessible trajectories in the β-Lactamase data, 

there are an additional 9 reversion trajectories (DePristo et al. 2007).  Because the reversion 

trajectories involve more mutations and fixations, the permutahedron needs to be modified to 

allow the comparison of trajectories involving different numbers of fixations.  In addition, it is 

possible that two mutations can fix simultaneously.  Increasing the complexity of the allowable 

trajectories may make the simulation more realistic. 
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Finally, further study needs to examine the fitness landscapes of more living organisms.  

This research compares simulated data to the evolution of β-Lactamase.  Additional examples of 

fitness landscapes would improve the comparisons and ensure that the assumptions made in 

this research are reasonable. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Scheinberg 30 

 
 

Bibliography 
 

DePristo, M. A., D. L. Hartl and D. M. Weinreich (2007). "Mutational reversions during adaptive  
 protein evolution." Molecular Biology and Evolution: Advanced Online Publication DOI:  

10.1093/molbev/msm118. 
 
Fisher, R. A. (1930). The genetical theory of natural selection. Oxford, GB, Clarendon Press. 
 
Gillespie, J. H. (1984). "Molecular evolution over the mutational landscape." Evolution 38(5):  
 1116-1129. 
 
Weinreich, D. M. (2005). "The rank ordering of genotypic fitness values predicts genetic  
 constraint on natural selection on landscapes lacking sign epistasis." Genetics 171(3):  
 1397-1405. 
 
Weinreich, D. M. and L. Chao (2005). "Rapid evolutionary escape by large populations from local  
 fitness peaks is likely in nature." Evolution 59(6): 1175-1182. 
 
Weinreich, D. M., N. F. Delaney, M. A. DePristo and D. L. Hartl (2006). "Darwinian evolution can 

follow only very mutational paths to fitter proteins." Science 312: 111-114. 
 
Wright, S. (1932). The roles of mutation, inbreeding, crossbreeding and selection in evolution. 

Proceedings of the Sixth International Congress of Genetics. D. F. Jones. Menasha, WI,  
Brooklyn Botanic Garden. 356-366. 

 
Ziegler, G. M. (1995). Lectures on polytopes. New York, Springer-Verlag. 
 
 
 


	Abstract
	Introduction
	Methods
	Results
	Discussion
	Conclusions

